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ARTICLE INFO ABSTRACT
Keywords: This work investigates the regularity and stability of solutions to a class of stochastic space-time
Stochastic space-time fractional diffusion fractional diffusion with multiplicative fractional Brownian noise. The model involves both a
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time-fractional derivative and a space-fractional Laplacian, making it suitable for characteriz-
ing stochastic dynamical systems with memory effects and anomalous diffusion features. For the
driving term, fractional Brownian motion (fBm) with Hurst index H € (0, 1), we first prove the
existence and uniqueness of a mild solution under suitable Lipschitz and growth conditions, em-
ploying the theory of space-time fractional solution operators and regularity estimates. Moreover,
the temporal and spatial regularity of the solution is also analyzed. The main contribution of this
work is to establish the stability. It’s proved, by deriving key prior estimates for the stochastic
convolution term and utilizing the newly established exponential decay property of the fractional
solution operator (Lemma 5) and a novel generalized Gronwall inequality (Lemma 6), that the
solution is exponentially asymptotically stable in the pth moment sense (p > 2). This result demon-
strates the long-term robustness of the system’s dynamics to initial perturbations in a probabilistic
sense. Compared to integer-order stochastic partial differential equations, the fractional solution
operator lacks the semigroup property, and the covariance of fBm possesses singularities when
H € (0, %). This work innovatively overcomes these difficulties using new methods and results,
thereby extending the existing stability theory for fractional stochastic partial differential equa-
tions [1]. Finally, numerical simulations confirm the theoretical findings.

1. Introduction

Stochastic partial differential equations (SPDEs) serve as fundamental mathematical tools for describing complex dynamical sys-
tems influenced by random factors, with wide applications in fluid dynamics, financial mathematics, and biological population dy-
namics, among others [2]. Traditional research has predominantly focused on integer-order diffusion models excited by standard
Brownian motion (Bm). The theories concerning the regularity, well-posedness and stability of solutions for such equations are well-
established (see the classical monograph [2]), including foundational work on moment decay and stability [3,4]. The analysis of
solution regularity, especially Holder continuity, has also been deeply studied in various contexts [5,6].
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$\alpha $


$s$


\begin {equation}dy(t) +{}_{0}\partial _{t}^{1-\alpha } \mathbb {A}^s y(t) \, dt = \mathbf {h}(y(t)) \, dt + \mathbf {g}(y(t)) \, dB^H(t), \quad t \in [0, T], \quad y(0)=y_0 \label {eq:1}\end {equation}


$T > 0$


$U=L^2(D)$


$\langle \cdot ,\cdot \rangle _U$


$s \in (0, 1)$


$\mathbb {A}^{s}$


\begin {equation*}\mathbb {A}^{s} y = \sum _{k=1}^{\infty } \lambda _{k}^{s} \langle y, \psi _{k} \rangle _U \psi _{k}{.}\end {equation*}


$\mathbb {A} = -\Delta $


$\{\lambda _{k}\}_{k=1}^{\infty }$


$U$


$\{\psi _{k}\}_{k=1}^{\infty }$


$\mathbb {A}^{s}$


\begin {equation*}U^{s} := \text {dom}(\mathbb {A}^{s}){,}\end {equation*}


$\|\cdot \|_{U^{s}}$


\begin {equation*}\|v\|_{U^{s}}^{2} := \|\mathbb {A}^{\frac {s}{2}}v\|^{2} = \sum _{k=1}^{\infty } \lambda _{k}^{s} \langle v, \psi _{k} \rangle _U^{2}.\end {equation*}


$s > 0$


$U^{s}$


$\|\cdot \|_{U^{s}}$


${}_{0}\partial _{t}^{1-\alpha }$


$\alpha \in (0,1)$


\begin {equation}{}_{0}\partial _{t}^{1-\alpha } y(t) = \frac {1}{\Gamma (\alpha )} \frac {\partial }{\partial t} \int _{0}^{t} (t-u)^{\alpha -1} y(u) \, du. \label {eq:2}\end {equation}


$(\Omega , \mathcal {F}, \mathbb {P}, \{\mathcal {F}_t\}_{t\geq 0})$


$\mathcal {F}_0$


$\mathbb {P}$


$V$
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$\|\cdot \|_V$
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$\mathcal {L}(U)=\mathcal {L}(U;U)$


$U$


$\mathcal {L}_1(U)$


$\mathcal {L}_2(U)$


$\mathcal {L}_2(U)$


\begin {equation*}\langle S,T\rangle _{\mathrm {HS}} = \sum _{k=1}^{\infty } \langle S \psi _k, T \psi _k\rangle _U.\end {equation*}


$\|\cdot \|_{\mathrm {HS}}$


$Q$


$\{\lambda _k\}_{k=1}^\infty $


$\{\psi _{k}\}_{k=1}^\infty $


$U_0:=Q^{1/2}(U)$


$\mathcal {L}_2^0$


$U_0$


$U$


\begin {equation*}\langle \Phi _1,\Phi _2\rangle _{\mathcal {L}_2^0} = \sum _{k=1}^{\infty } \langle \Phi _1 Q^{1/2}\psi _k, \Phi _2 Q^{1/2}\psi _k\rangle _U.\end {equation*}


\begin {equation*}\|\mathcal {T}\|_{\mathcal {L}_2^0}= \|\mathcal {T}Q^{1/2}\|_{\mathrm {HS}}.\end {equation*}


$\{\beta ^H(t)\}_{t\geq 0}$


$H \in (0,1)$


$\beta ^H(0)=0$


\begin {equation}\mathbb {E}[\beta ^H(t)\beta ^H(s)] = \frac {1}{2}(t^{2H} + s^{2H} - |t-s|^{2H}), \quad s, t \ge 0. \label {eq:covariance-fbm}\end {equation}


$H=1/2$


$\{\beta _k^H(t)\}_{k=1}^\infty $


$H \in (0,1)$


$\{\mathcal {F}_t\}_{t\geq 0}$


$U$


$B^H(t)$


\begin {equation}B^H(t) := \sum _{k=1}^{\infty } \sqrt {\lambda _k} \, \psi _{k} \, \beta _k^H(t), \qquad t \geq 0{.} \label {eq:3}\end {equation}


$\beta ^{H}(t)=\int _{0}^{t}\mathbf {K}_{H}(t,s)\,d\beta (s)$


$\mathbf {K}_{H}$


\begin {equation}\mathbf {K}_{H}(t, s)=\left \{\begin {array}{@{}l} c_{H,1}\Bigl [\Bigl (\dfrac {t}{s}\Bigr )^{H-\frac {1}{2}}(t-s)^{H-\frac {1}{2}} -\Bigl (H-\dfrac {1}{2}\Bigr ) s^{\frac {1}{2}-H}\int _{s}^{t}u^{H-\frac {3}{2}}(u-s)^{H-\frac {1}{2}} du\Bigr ],\\[8pt] \qquad H\in \left (0,\dfrac {1}{2}\right ),\\[8pt] c_{H,2}\displaystyle \int _{s}^{t}\Bigl (\dfrac {u}{s}\Bigr )^{H-\frac {1}{2}}(u-s)^{H-\frac {3}{2}} du,\qquad H\in \left (\dfrac {1}{2},1\right ), \end {array}\right . \label {eq:4}\end {equation}


$c_{H,1}$


$c_{H,2}$


$B(\cdot ,\cdot )$


\begin {equation*}c_{H,1}=\left (\frac {2H}{(1-2H)B(1-2H,H+\frac {1}{2})}\right )^{\frac {1}{2}},\qquad c_{H,2}=\left (\frac {H(2H-1)}{B(2-2H,H-\frac {1}{2})}\right )^{\frac {1}{2}}.\end {equation*}


$\Gamma ^{*}_{H,t}$


$L^{2}([0,T])$


\begin {equation}(\Gamma _{H,t}^{*}\eta )(u) := \mathbf {K}_{H}(t,u)\eta (u) + \int _{u}^{t} \bigl (\eta (r) - \eta (u)\bigr ) \frac {\partial \mathbf {K}_{H}(r,u)}{\partial r} \, dr. \label {eq:5}\end {equation}


$\mathbf {K}_{H}(r,u)$


$r$


\begin {equation}\frac {\partial \mathbf {K}_{H}(r,u)}{\partial r} = \mathbf {K}_{H} \left (\frac {r}{u}\right )^{H-\frac {1}{2}} (r-u)^{H-\frac {3}{2}}. \label {eq:6}\end {equation}


$H \in \left (\frac {1}{2}, 1\right )$


$\Gamma _{H,t}^{*}$


\begin {equation}(\Gamma _{H,t}^{*}\varphi )(u) := \int _{u}^{t} \varphi (r) \frac {\partial \mathbf {K}_{H}(r,u)}{\partial r} \, dr. \label {eq:7}\end {equation}


\begin {equation*}\mathbf {G} = g\left ( \int _0^T h_1(r) dB^H(r), \dots , \int _0^T h_n(r) dB^H(r) \right ),\end {equation*}


$h_i = \Gamma _{H,t}^{*} e_i$


$e_i$


$L^2([0,T])$


$i=1,2,\cdots $


$\mathbf {G}$


${\mathscr {D}}_s^H \mathbf {G}$


\begin {equation*}{\mathscr {D}}_s^H F = \sum _{i=1}^n \frac {\partial f}{\partial x_i}\left ( \int _0^T h_1(r) dB^H(r), \dots , \int _0^T h_n(r) dB^H(s) \right ) h_i(s), \quad s \in [0,T].\end {equation*}


$H \in (0, \frac {1}{2})$


$B^H(t)$


$\mathbb {D}_s^H$


$\mathbb {D}_s^H=\Gamma _{H,t}\Gamma _{H,t}^{*}\mathscr {D}_s^H$


$\mathbb {L}^{1,2}_H$


$\mathcal {L}_2^0$


$Y: [0, T] \times \Omega \to \mathcal {L}_2^0$


$\mathbb {E} \left [ \int _0^T \|Y(u)\|_{\mathcal {L}_2^0}^2 du \right ] < \infty $


$u \in [0, T]$


$Y(u)$


$\mathbb {D}^{1,2}(\mathcal {L}_2^0)$


$\mathbb {D}_s^H Y(u)$


\begin {equation*}\mathbb {E} \left [ \int _0^T \int _0^T \| \mathbb {D}_s^H Y(u) \|_{\mathcal {L}_2^0}^2 ds du \right ] < \infty .\end {equation*}


$Y \in \mathbb {L}^{1,2}_H$


$\int _0^T Y(u) dB^H(u)$


$Y \in \mathbb {L}^{1,2}_H$


\begin {equation}\label {eq:cross-expectation-condition} \mathbb {E} \left [ \int _0^T \int _0^T \left \langle (\Gamma _{H,T}^*)^{\otimes 2} \mathbb {D}_s^H Y(u), \, (\Gamma _{H,T}^*)^{\otimes 2} \mathbb {D}_u^H Y(s) \right \rangle _{\mathcal {L}_2^0} ds du \right ] < \infty ,\end {equation}


$\Gamma _{H,T}^*$


$L^2(\Omega ; U^s)$


\begin {align}& \mathbb {E}\left [ \int _0^T Y(u) dB^H(u) \right ] = 0, \label {eq:integral-mean-zero} \\ & \mathbb {E}\left \| \int _0^T Y(u) dB^H(u) \right \|_{U^s}^2 = \mathbb {E} \| Y \|_{\Gamma _H}^2 + \mathbb {E} \left [ \int _0^T \int _0^T \left \langle (\Gamma _{H,T}^*)^{\otimes 2} \mathbb {D}_s^H Y(u), \, (\Gamma _{H,T}^*)^{\otimes 2} \mathbb {D}_u^H Y(s) \right \rangle _{\mathcal {L}_2^0} ds du \right ], \label {eq:integral-second-moment}\end {align}


$\| Y \|_{\Gamma _H}^2 := \int _0^T \| \Gamma _{H,t}^* Y(u) \|_{\mathcal {L}_2^0}^2 dt$


$Y(t) = \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(y(u))$


$p$


$p \ge 2$


$Y \in \mathbb {L}^{1,2}_H$


$C_p$


$T$


$H$


$p$


\begin {equation}\label {eq:p-th-moment-inequality} \mathbb {E} \left \| \int _0^t Y(u) dB^H(u) \right \|_{U^s}^p \le C_p \left \{ \mathbb {E} \left ( \int _0^t \| \Gamma _{H,t}^* Y(u) \|_{\mathcal {L}_2^0}^2 du \right )^{\frac {p}{2}} + \mathbb {E} \left ( \int _0^t \int _0^t \| \mathbb {D}_r^H Y(u) \|_{\mathcal {L}_2^0}^2 dr du \right )^{\frac {p}{2}} \right \}\end {equation}


$t \in [0, T]$


$\mathscr {R}_{\alpha ,s}(t)$


\begin {equation}\mathscr {R}_{\alpha ,s}(t) := \frac {1}{2\pi i} \int _{\Gamma _3} e^{\zeta t} \zeta ^{\alpha -1} \left ( \zeta ^{\alpha } + \mathbb {A}^{s} \right )^{-1} \, d\zeta , \label {eq:8}\end {equation}


$\Gamma _3$


$\Gamma = \Gamma _1 \cup \ \Gamma _2 \cup \ \Gamma _3$


$m > 0$


$\frac {\pi }{2} < \theta < \pi $


\begin {equation*}\Gamma _1 = \{ \zeta \in \mathbb {C} : \zeta \neq 0, \; |\arg (\zeta )| \leq \theta \},\end {equation*}


\begin {equation*}\Gamma _2 = \{ \zeta \in \mathbb {C} : |\zeta | \geq m, \; |\arg (\zeta )| \leq \theta \},\end {equation*}


\begin {equation*}\Gamma _3 = \{ r e^{i\theta } : r \geq m \} \cup \{ m e^{i\varphi } : |\varphi | \leq \varphi \leq \theta \} \cup \{ r e^{-i\theta } : r \geq m \}.\end {equation*}


$i$


$\mathbb {C}$


$\mathscr {R}_{\alpha ,s}(t)$


\begin {equation}\widetilde {\mathscr {R}}_{\alpha ,s}(\zeta ) = \zeta ^{\alpha -1} \left ( \zeta ^{\alpha } + \mathbb {A}^{s} \right )^{-1}. \label {eq:12}\end {equation}


\begin {equation}\| \mathbb {A}^{s\beta } \mathscr {R}_{\alpha ,s}(t) \| \leq C t^{-\beta \alpha }, \quad \text {where } \beta \in [0,1]. \label {eq:13}\end {equation}


$\mathbf {h}$


$\mathbf {g}$


$\mathbb {D}_s^H$


$C>0$


$y, z \in U^s$


\begin {align}\| \mathbf {h}(y) \|_{U^s} &\leq C \bigl (1 + \| y \|_{U^s} \bigr ) \label {eq:14}, \\ \| \mathbf {h}(y) - \mathbf {h}(z) \|_{U^s} &\leq C \| y - z \|_{U^s} \label {eq:15}, \\ \| \mathbb {A}^{\frac {s}{2}} \mathbf {g}(y) \|_{\mathcal {L}_2^0} = \| \mathbf {g}(y) \|_{\mathcal {L}_{2,s}^0} &\leq C \bigl (1 + \| y \|_{U^s} \bigr ) \label {eq:16}, \\ \| \mathbb {A}^{\frac {s}{2}} \bigl ( \mathbf {g}(y) - \mathbf {g}(z) \bigr ) \|_{\mathcal {L}_2^0} &\leq C \| y - z \|_{U^s} \label {eq:17}, \\ \| \mathbb {D}_r^H \mathbb {A}^{\frac {s}{2}} \mathbf {g}(y) \|_{\mathcal {L}_2^0} &\leq C \bigl (1 + \| y \|_{U^s} \bigr ) \label {eq:18}, \\ \| \mathbb {D}_r^H \mathbb {A}^{\frac {s}{2}} \bigl ( \mathbf {g}(y) - \mathbf {g}(z) \bigr ) \|_{\mathcal {L}_2^0} &\leq C \| y - z \|_{U^s}{.}\label {eq:19}\end {align}


$\mathbf {g}$


$H\in (0,\frac 12)$


$\mathbf {g}(y)=\lambda y$


$\lambda $


$\int _0^T \|\mathbb {D}_r^H \mathbf {g}(y(t))\|_{\mathcal {L}_2^0}^2 \, ds \le C\,\|y(t)\|_{HS}^2 .$


\begin {align}\int _0^T \|\mathbb {D}_r^H \mathbb {A}^{s/2} \mathbf {g}(y(t))\|_{\mathcal {L}_2^0}^2 \, ds &\le C\,\|y(t)\|_{U^s}^2,\label {eq:jifenjie1} \\ \int _0^T \|\mathbb {D}_s^H \mathbb {A}^{s/2} (\mathbf {g}(y(t))-\mathbf {g}(z(t)))\|_{\mathcal {L}_2^0}^2 ds &\le C\,\|y(t)-z(t)\|_{U^s}^2. \label {eq:jifenjie2}\end {align}


$U^s$


$\{y(t)\}_{t \in [0, T]}$


$\Phi _{y_0}$


\begin {equation}\Phi _{y_0}(y)(t) := \mathscr {R}_{\alpha ,s}(t) y_0 + \int _0^t \mathscr {R}_{\alpha ,s}(t-u) \mathbf {h}(y(u)) \, du + \int _0^t \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(y(u)) \, dB^H(u), \label {eq:21}\end {equation}


$y(t)$


\begin {equation*}y(t) = \Phi _{y_0}(y)(t) \quad \mathbb {P}\text {-a.s.},\end {equation*}


$t \in [0, T]$


\begin {equation}\mathscr {B}_t := \int _0^t \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(y(u)) \, dB^H(u), \quad t \in [0, T]. \label {eq:stochastic_convolution}\end {equation}


$\mathscr {B}_t$


$C > 0$


$p \geq 2$


$\alpha < 2H$


$C$


\begin {equation*}\|\mathscr {B}_t\|_{L^{p}(\Omega ;U^{s})}\le C\left (1+\sup _{u\in [0,T]}\|y(u)\|_{L^{p}(\Omega ;U^{s})}\right )t^{\frac {2H-\alpha }{2}}.\end {equation*}


\begin {align*}\left \| \mathscr {B}_t \right \|_{L^p(\Omega ; U^s)} &\leq C \left \| \left (\int _0^t \left \|\Gamma _{H,t}^* \mathscr {R}_{\alpha , s}(t-u) \mathbf {g}(y(u))\right \|^2_{\mathcal {L}^0_{2,s}} \, du \right )^{\frac {1}{2}}\right \|_{L^p(\Omega ; \mathbb {R})} \\ &\quad + C \left \| \left (\int _0^t \int _0^t \left \| \mathbb {D}_r^H \mathscr {R}_{\alpha , s}(t-u) \mathbf {g}(y(u))\right \|_{\mathcal {L}^0_{2,s}}^2 \, dr \, du\right )^{\frac {1}{2}} \right \|_{L^p(\Omega ; \mathbb {R})} \\ &\leq C \left ( 1 + \sup _{u \in [0, T]} \| y(u) \|_{L^{p}(\Omega ;U^{s})} \right ) \left ( \int _0^t \left \| \Gamma _{H,t}^* \mathscr {R}_{\alpha , s}(t-u) \right \|_{\mathcal {L}^0_{2,s}}^2 \, du \right )^{\frac {1}{2}} \\ &\quad + C \left \| \left (\int _0^t \int _0^t \left \| \mathbb {D}_r^H \mathscr {R}_{\alpha , s}(t-u) \mathbf {g}(y(u))\right \|_{\mathcal {L}^0_{2,s}}^2 \, dr \, du\right )^{\frac {1}{2}} \right \|_{L^p(\Omega ; \mathbb {R})} \\ &\leq C \left ( 1 + \sup _{u \in [0, T]} \| y(u) \|_{L^{p}(\Omega ;U^{s})} \right ) I_1^{\frac {1}{2}} + I_2 {.}\end {align*}


\begin {align}I_{2} &\leq C\left \|\left (\int _{0}^{t}\int _{0}^{t}\left \|\mathbb {D}_{r}^{H}\mathbf {g}\left (y(u)\right )\right \|_{\mathcal {L}_{2,s}^{0}}^{2}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}dr\,du\right )^{\frac {1}{2}}\right \|_{L^{p}(\Omega ;\mathbb {R})} \notag \\ &\le C\left (\sup _{u\in [0,T]}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}+1\right )\left (\int _{0}^{t}\int _{0}^{t}(t-u)^{-\alpha }\,dr\,du\right )^{\frac {1}{2}} \notag \\ &\leq C\left (1+\sup _{u\in [0,T]}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}\right )t^{1-\frac {\alpha }{2}} \notag \\ &\leq C\left (1+\sup _{u\in [0,T]}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}\right )t^{\frac {2H-\alpha }{2}}. \label {eq:23}\end {align}


$H \in (0, \frac {1}{2})$


$I_{1}$


\begin {align}I_{1} &= C\int _{0}^{t} \left \| \Gamma _{H,t}^{*} \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t - r) \right \|_{\mathcal {L}_{2}^{0}}^{2} \, dr \notag \\ &\leq C\int _{0}^{t} \left \| \mathbf {K}_{H}(t, r) \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t - r) \right \|^{2} \, dr \notag \\ &\quad + C\int _{0}^{t} \left \| \int _{r}^{t} \bigl [ \mathscr {R}_{\alpha ,s}(t, u) - \mathscr {R}_{\alpha ,s}(t, r) \bigr ] \frac {\partial \mathbf {K}_{H}(u, r)}{\partial u} \, du \right \|^{2} \, dr \notag \\ &:= J_{1} + J_{2}. \label {eq:24}\end {align}


$J_1$


\begin {align}J_{1} &\leq \int _{0}^{t} \Bigg \| \left ( \frac {t}{r} \right )^{H-\frac {1}{2}} (t-r)^{H-\frac {1}{2}} \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t-r) \Bigg \|^{2} dr \notag \\ &\quad + C \int _{0}^{t} \Bigg \| r^{\frac {1}{2}-H} \int _{r}^{t} u^{H-\frac {3}{2}} (u-r)^{H-\frac {1}{2}} \, du \; \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t-r) \Bigg \|^{2} dr \notag \\ &= J_{1,1} + J_{1,2}. \label {eq:25}\end {align}


$\alpha < 2H$


\begin {align}J_{1,1} &\le \int _{0}^{t} \left \| \left ( \frac {t}{r} \right )^{H-\frac {1}{2}} (t-r)^{H-\frac {1}{2}-\frac {\alpha }{2}} \right \|^{2} \, dr \notag \\ &\leq \int _{0}^{t} \left ( \frac {t}{r} \right )^{2H-1} (t-r)^{2H-\alpha -1} \, dr \leq C \, t^{2H-\alpha }. \label {eq:26}\end {align}


$J_{1,2}$


$u = r/\Theta $


$r = wt$


\begin {align}J_{1,2} &\le C\int _{0}^{t}\left ( r^{\frac {1}{2}-H}(t-r)^{-\frac {\alpha }{2}}\biggl [\int _{r}^{t}u^{H-\frac {3}{2}}(u-r)^{H-\frac {1}{2}}du\biggr ]\right )^{2}dr \notag \\ &\le C\int _{0}^{t}r^{1-2H}(t-r)^{-\alpha }\left (\int _{r}^{t}u^{H-\frac {3}{2}}(u-r)^{H-\frac {1}{2}}du\right )^{2}dr \notag \\ &\le C\int _{0}^{t}r^{2H-1}(t-r)^{-\alpha }\left (\int _{\frac {r}{t}}^{1}\Theta ^{-2H}(1-\Theta )^{H-\frac {1}{2}}d\Theta \right )^{2}dr \notag \\ &\le C\int _{0}^{1}w^{2H-1}(1-w)^{-\alpha }\left (\int _{w}^{1}\Theta ^{-2H}(1-\Theta )^{H-\frac {1}{2}}d\Theta \right )^{2}dw \cdot t^{2H-\alpha } \notag \\ &\le C t^{2H-\alpha }. \label {eq:27}\end {align}


$J_{1} \leq J_{1,1} + J_{1,2} \leq C t^{2H-\alpha }$


$J_2$


\begin {equation*}\left | \frac {e^{\zeta u} - 1}{u^{\gamma }} \right | < C |\zeta |^{\gamma }, \quad \gamma \in [0,1].\end {equation*}


$\gamma = \frac {1}{2} - H + \varepsilon $


$\varepsilon > 0$


\begin {align}J_{2} &= \int _{0}^{t} \Bigg \| \int _{r}^{t} \mathbb {A}^{\frac {s}{2}} \bigl [ \mathscr {R}_{\alpha ,s}(t-u) - \mathscr {R}_{\alpha ,s}(t-r) \bigr ] \, C_{H} \left ( \frac {u}{r} \right )^{H-\frac {1}{2}} (u - r)^{H-\frac {3}{2}} \, du \Bigg \|^{2} \, dr \notag \\ &= C \int _{0}^{t} \Bigg \| \int _{r}^{t} \left [ \frac {1}{2\pi i} \int _{\Gamma _{3}} \bigl [ e^{\zeta (t-u)} - e^{\zeta (t-r)} \bigr ] \mathbb {A}^{\frac {s}{2}} \widetilde {\mathscr {R}}_{\alpha ,s}(\zeta ) \, d\zeta \right ] \left ( \frac {u}{r} \right )^{H-\frac {1}{2}} (u - r)^{H-\frac {3}{2}} \, du \Bigg \|^{2} \, dr \notag \\ &\le C \int _{0}^{t} \Bigg \| \int _{r}^{t} \left [ \frac {1}{2\pi i} \int _{\Gamma _{3}} \bigl | e^{\zeta (t-u)} \bigr | \, \bigl | 1 - e^{\zeta (u - r)} \bigr | \, |\zeta |^{\frac {\alpha }{2} - 1} \, |d\zeta | \right ] \left ( \frac {u}{r} \right )^{H-\frac {1}{2}} (u - r)^{H-\frac {3}{2}} \, du \Bigg \|^{2} \, dr \notag \\ &\le C \int _{0}^{t} \Bigg \| \int _{r}^{t} \left [ \frac {1}{2\pi i} \int _{\Gamma _{3}} \bigl | e^{\zeta (t-u)} \bigr | \, |\zeta |^{\gamma - 1 + \frac {\alpha }{2}} (u - r)^{\gamma } \, |d\zeta | \right ] \left ( \frac {u}{r} \right )^{H-\frac {1}{2}} (u - r)^{H-\frac {3}{2}} \, du \Bigg \|^{2} \, dr \notag \\ &\le C \int _{0}^{t} \left ( \int _{r}^{t} (t-u)^{-\gamma -\frac {\alpha }{2}} (u-r)^{\gamma +H-\frac {3}{2}} \, du \right )^{2} \, dr \notag \\ &\le C \int _{0}^{t} \left [ (t-r)^{H-\frac {\alpha }{2}-\frac {1}{2}} \right ]^{2} \, dr \le C t^{2 H-\alpha }. \label {eq:28}\end {align}


$H \in \left (0,\frac {1}{2}\right )$


\begin {equation*}\|\mathscr {B}_t\|_{L^{p}(\Omega ; U^{s})} \le (1 + \sup _{u \in [0, T]} \|y(u)\|_{L^{p}(\Omega ;U^{s})}) t^{\frac {2 H-\alpha }{2}}.\end {equation*}


$H\in \left (\frac {1}{2},1\right )$


\begin {align}I &=\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-r)\right \|^{2}dr \notag \\ &=\int _{0}^{t}\left \|\int _{r}^{t}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-r)\left (\frac {u}{r}\right )^{H-\frac {1}{2}}(u-r)^{H-\frac {3}{2}}du\right \|^{2}dr \notag \\ &\le C\int _{0}^{t}\left [\int _{r}^{t}(t-r)^{\frac {\alpha }{2}}\left (\frac {u}{r}\right )^{H-\frac {1}{2}}(u-r)^{H-\frac {3}{2}}du\right ]^{2}dr \notag \\ &\le C\int _{0}^{t}(t-r)^{-\alpha }\left (\frac {t}{r}\right )^{2H-1}\left (\int _{r}^{t}(u-r)^{H-\frac {3}{2}}du\right )^{2}dr \notag \\ &\le C\int _{0}^{t}(t-r)^{2H-\alpha -1}\left (\frac {t}{r}\right )^{2H-1}dr \notag \\ &\le Ct^{2H-\alpha }. \label {eq:29}\end {align}


$H\in \left (\frac {1}{2},1\right )$


\begin {equation}\|\mathscr {B}_t\|_{L^{p}(\Omega ;U^{s})}\le \left (1+\sup _{u\in [0,T]}\|y(u)\|_{L^{p}(\Omega ;U^{s})}\right )t^{\frac {2H-\alpha }{2}}. \label {eq:210}\end {equation}


$\Theta _{s}^{p}$


$U^{s}$


$\{y(t): t \in [0, T]\}$


$M \in (0, \infty )$


\begin {equation*}\Theta _{s}^{p}(M) = \bigl \{ y(t) \in \Theta _{s}^{p} : \| y \|_{\Theta _{s}^{p}} \le M \bigr \}\end {equation*}


\begin {equation*}\| y(t) \|_{\Theta _{s}^{p}} := \sup _{t \in [0,T]} \| y(t) \|_{L^{p}(\Omega ; U^{s})} < \infty \end {equation*}


\begin {equation*}\| y(t) \|_{L^{p}(\Omega ; U^{s})} = \bigl ( \mathbb {E}\, \| y(t) \|_{s}^{p} \bigr )^{\frac {1}{p}}.\end {equation*}


$y(t)$


$z(t)$


$\tau > 0$


$t \in [0, \tau ]$


$y(t) \in \Theta _{s}^{p}$


\begin {align}\bigl \| \Phi _{u_{0}}(y)(t) \bigr \|_{\vartheta _{s}^{p}} &= \Bigg \| \mathscr {R}_{\alpha ,s}(t) y_{0} + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}\bigl (y(r)\bigr ) \, dr \notag \\ &\qquad + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}\bigl (y(r)\bigr ) \, dB^{H}(r) \Bigg \|{_{\Theta _{s}^{p}}} \notag \\[4pt] &\le \bigl \| \mathscr {R}_{\alpha ,s}(t) y_{0} \bigr \|{_{\Theta _{s}^{p}}} + \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}\bigl (y(r)\bigr ) \, dr \Bigg \|{_{\Theta _{s}^{p}}} \notag \\ &\qquad + \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}\bigl (y(r)\bigr ) \, dB^{H}(r) \Bigg \|{_{\Theta _{s}^{p}}} \notag \\[4pt] &= \sup _{t \in [0,T]} \bigl \| \mathscr {R}_{\alpha ,s}(t) y_{0} \bigr \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\qquad + \sup _{t \in [0,T]} \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}\bigl (y(r)\bigr ) \, dr \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\qquad + \sup _{t \in [0,T]} \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}\bigl (y(r)\bigr ) \, dB^{H}(r) \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\[4pt] &\le C + \sup _{t \in [0,T]} \int _{0}^{t} \bigl \| \mathscr {R}_{\alpha ,s}(t-r) \bigl \| \, {\bigl \|} \mathbf {h}\bigl (y(r)\bigr ) \bigr \|_{L^{p}(\Omega ; U^{s})} \, dr \notag \\ &\qquad + \sup _{t \in [0,T]} \bigl \| \mathscr {B}_{t} \bigr \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\le C + C \int _{0}^{t} (t-r)^{-\frac {\alpha }{2}} \, dr + C \Bigl ( \sup _{u \in [0,T]} \bigl \| y(u) \bigr \|_{L^{p}(\Omega ; U^{s})} + 1 \Bigr ) t^{\frac {2H-\alpha }{2}} \notag \\[4pt] &\le C < \infty . \label {eq:231}\end {align}


$\Phi _{y_{0}} : \Theta _{s}^{p} \to \Theta _{s}^{p}$


$y(t), z(t) \in \Theta _{s}^{P}$


\begin {align}&\bigl \| \Phi _{y_0}(y)(t) - \Phi _{y_0}(z)(t) \bigr \|_{\Theta _s^p} \notag \\ &= \Bigg \| \mathscr {R}_{\alpha ,s}(t)[y_0 - y_0] \notag \\ &\quad + \int _0^t \mathscr {R}_{\alpha ,s}(t-u)\bigl [\mathbf {h}(y(u)) - \mathbf {h}(z(u))\bigr ] du \notag \\ &\quad + \int _0^t \mathscr {R}_{\alpha ,s}(t-u)\bigl [\mathbf {g}(y(u)) - \mathbf {g}(z(u))\bigr ] dB^H(u) \Bigg \|_{\Theta _s^p} \notag \\ &\leq \int _0^t \bigl \| \mathscr {R}_{\alpha ,s}(t-u) \bigr \| \bigl \| \mathbf {h}(y(u)) - \mathbf {h}(z(u)) \bigr \|_{\Theta _s^p} du \notag \\ &\quad + \Bigg \| \int _0^t \mathscr {R}_{\alpha ,s}(t-u)\bigl [\mathbf {g}(y(u)) - \mathbf {g}(z(u))\bigr ] dB^H(u) \Bigg \|_{\Theta _s^p} \notag \\ &\leq C \int _0^t C du \cdot \bigl \| y(t) - z(t) \bigr \|_{\Theta _s^p} + I_3 \notag \\ &\leq Ct \cdot \bigl \| y(t) - z(t) \bigr \|_{\Theta _s^p} +I_3. \label {eq:232}\end {align}


$I_3$


\begin {align}I_{3} &\le C \sup _{t \in [0,T]} \left \| \left ( \int _0^t \left \| \Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-u) \bigl [ \mathbf {g}(y(u)) - \mathbf {g}(z(u)) \bigr ] \right \|_{\mathcal {L}_2^0}^2 du \right )^{\frac {1}{2}} \right \|_{L^p(\Omega ;\mathbb {R})} \notag \\ &\quad + C \sup _{t \in [0,T]} \left \| \left ( \int _0^t \int _0^t \left \| \mathbb {D}_s^{H} \mathscr {R}_{\alpha ,s}(t-u) \bigl [ \mathbf {g}(y(t)) - \mathbf {g}(z(t)) \bigr ] \right \|_{\mathcal {L}_{2,s}^0}^2 ds\,du \right )^{\frac {1}{2}} \right \|_{L^p(\Omega ;\mathbb {R})} \notag \\[4pt] &\le C \sup _{t \in [0,T]} \left \| \mathbf {g}(y(t)) - \mathbf {g}(z(t)) \right \|_{L^p(\Omega ;U^s)} \left ( \int _0^t \left \| \Gamma _{H,t}^{*} \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t-u) \right \|^2 du \right )^{\frac {1}{2}} \notag \\ &\quad + C \sup _{t \in [0,T]} \left \| \mathbf {g}(y(t)) - \mathbf {g}(z(t)) \right \|_{L^p(\Omega ;U^s)} t^{1-\frac {\alpha }{2}} \notag \\ &\le C t^{\frac {2H-\alpha }{2}} \sup _{t \in [0,T]} \left \| y(t) - z(t) \right \|_{L^p(\Omega ;U^s)} + C t^{1-\frac {\alpha }{2}} \sup _{t \in [0,T]} \left \| y(t) - z(t) \right \|_{L^p(\Omega ;U^s)} \notag \\ &= C \bigl ( t^{\frac {2H-\alpha }{2}} + t^{1-\frac {\alpha }{2}} \bigr ) \| y(t) - z(t) \|_{\Theta _s^p}.\end {align}


\begin {equation*}\bigl \| \Phi _{y_0}(y)(t) - \Phi _{y_0}(z)(t) \bigr \|_{\Theta _s^p} \leq C \bigl ( t + t^{\frac {2H-\alpha }{2}} + t^{1-\frac {\alpha }{2}} \bigr ) \| y(t) - z(t) \|_{\Theta _s^p}.\end {equation*}


$\tau $


$t \in (0,\tau )$


\begin {equation*}C \bigl ( t + t^{\frac {2H-\alpha }{2}} + t^{1-\frac {\alpha }{2}} \bigr ) < 1.\end {equation*}


$\sup \limits _{t \in [0,\tau )}\|y(t)\|_{L^p(\Omega ;U^s)} \leq C,$


$\tau $


$C$


\begin {equation*}\sup _{t\in [0,T]} \| y(t) \|_{L^p(\Omega ; U^{s})} \leq C.\end {equation*}


\begin {align}\|y(t)\|_{L^{p}(\Omega ; U^{s})} &= \Bigg \| \mathscr {R}_{\alpha ,s}(t) y(0) + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}(y(r)) \, dr + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}(y(r)) \, dB^{H}(r) \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq \|\mathscr {R}_{\alpha ,s}(t) y(0)\|_{L^{p}(\Omega ; U^{s})} + \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}(y(r)) \, dr \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\quad + \Bigg \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}(y(r)) \, dB^{H}(r) \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\ &= I_{1} + I_{2} + I_{3}. \label {eq:211}\end {align}


$I_{1}$


\begin {align}I_{1} &= \left \| \mathscr {R}_{\alpha ,s}(t) y(0) \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq \left \| \mathscr {R}_{\alpha ,s}(t) \right \| \cdot \| y_0 \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq C \| y_0 \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq C. \label {eq:212}\end {align}


$I_2$


\begin {align}I_2 & \leq \int _0^{t} \left \| \mathscr {R}_{\alpha ,s}(t-r) \right \|_{\mathcal {L}_{2,s}^0} \left \| \mathbf {h}(y(r)) \right \|_{L^p(\Omega ; U^s)} \, dr \notag \\ &\leq \left [ \int _0^{t} \left \| \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t-r) \right \|^2 \, dr \right ]^{\frac {1}{2}} \left [ \int _0^{t} \left ( 1 + \| y(r) \|_{L^p(\Omega ; U^s)} \right )^2 \, dr \right ]^{\frac {1}{2}} \notag \\ &\leq C \left [ \int _0^{t} \left ( (t-r)^{-\frac {\alpha }{2}} \right )^2 \, dr \right ]^{\frac {1}{2}} \left ( \int _0^{t} \left ( 1 + \| y(r) \|_{L^p(\Omega ; U^s)} \right )^2 \, dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( \int _0^{t} \left ( 1 + \| y(r) \|_{L^p(\Omega ; U^s)} \right )^2 \, dr \right )^{\frac {1}{2}} \notag \\ &\leq C\left (\int _{0}^{t}1\,dr+\int _{0}^{t}\|y(r)\|_{L^{p}(\Omega ; U{s})}^{2}\,dr\right )^{\frac {1}{2}} \notag \\ &\leq C\left (\int _{0}^{t}1\,dr\right )^{\frac {1}{2}}+C\left (\int _{0}^{t}\|y(r)\|_{L^{p}(\Omega ; U^{s})}^{2}\,dr\right )^{\frac {1}{2}} \notag \\ &\leq C+C\left (\int _{0}^{t}\|y(r)\|_{L^{p}(\Omega ;U^{s})}^{2}\,dr\right )^{\frac {1}{2}}. \label {eq:213}\end {align}


$I_3$


\begin {align}I_{3} &=\left \|\int _{0}^{t}\mathscr {R}_{\alpha ,s}(t-r)\mathbf {g}(y(r))dB^{H}(r)\right \|_{L^{p}(\Omega ;U^{s})} \notag \\ &\le C\left \|\left (\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left (1+\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}\right )du\right )^{\frac {1}{2}}\right \| \notag \\ &\quad +C\left (\int _{0}^{t}\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left (1+\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}\right )^{2}du dr\right )^{\frac {1}{2}} \notag \\ &\le C\left \|\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}du+\left (\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du\right )^{\frac {1}{2}}\right \| \notag \\ &\quad +C\left (\int _{0}^{t}\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}du dr+\int _{0}^{t}\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du dr\right )^{\frac {1}{2}} \notag \\ &\le C\left (\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}du\right )^{\frac {1}{2}}+C\left (\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du\right )^{\frac {1}{2}} \notag \\ &\quad +C\left (\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}du\cdot t\right )^{\frac {1}{2}} +C\left (\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du\cdot t\right )^{\frac {1}{2}} \notag \\ &\le Ct^{\frac {2H-\alpha }{2}}+C\left (\int _{0}^{t}\left \|\Gamma _{H,t}^{*}\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du\right )^{\frac {1}{2}} \notag \\ &\quad +C\left (\int _{0}^{t}\left \|\mathbb {A}^{\frac {s}{2}}\mathscr {R}_{\alpha ,s}(t-u)\right \|^{2}\left \|y(u)\right \|_{L^{p}(\Omega ;U^{s})}^{2}du\right )^{\frac {1}{2}}t^{\frac {1}{2}} {.} \label {eq:214}\end {align}


$H \in \left (0,\frac {1}{2}\right )$


\begin {align}I_{3} &\leq C t^{\frac {2 H-\alpha }{2}}+C\left (\int _{0}^{t}(t-u)^{-\alpha }\|y(u)\|_{L^{p}\left (\Omega ; U^{s}\right )}^{2} d u\right )^{\frac {1}{2}} \nonumber \\ &\quad +C\left (\int _{0}^{t} u^{1{-}2 H}(t-u)^{2 H-\alpha -1}\|y(u)\|_{L^{p}\left (\Omega ; U^{s}\right )}^{2} d u\right )^{\frac {1}{2}} \nonumber \\ &\quad +C\left (\int _{0}^{t} u^{-2 H +1}(t-u)^{-\alpha }\|y(u)\|_{L^{p}\left (\Omega ; U^{s}\right )}^{2} d u\right )^{\frac {1}{2}} \label {eq:215}{.}\end {align}


\begin {align}\|y(t)\|_{L^{p}(\Omega ; U^{s})}^{2} &\leq C + C \int _{0}^{t} \|y(u)\|_{L^{p}(\Omega ; U^{s})}^{2} \, du + C t^{2H-\alpha } + C t \int _{0}^{t} (t-u)^{-\alpha } \|y(u)\|_{L^{p}(\Omega ; U^{s})}^{2} \, du \nonumber \\ &\quad + C t^{2H-1} \int _{0}^{t} u^{1-2H} (t-u)^{2H-\alpha -1} \|y(u)\|_{L^{p}(\Omega ; U^{s})}^{2} \, du \nonumber \\ &\quad + C \int _{0}^{t} u^{1-2H} (t-u)^{-\alpha } \|y(u)\|_{L^{p}(\Omega ; U^{s})}^{2} \, du \nonumber \\ &\leq C + C \int _{0}^{t} (t-u)^{-\alpha } \|y(u)\|^{2} \, du + \int _{0}^{t} u^{1-2H} (t-u)^{-\alpha } \|y(u)\|_{L^{p}(\Omega ; U^{s})}^{2} \, du . \label {eq:216}\end {align}


$0 < \alpha < 1$


$1-2H > -\alpha $


$\mu > 0$


$\theta \in (0, 1-\alpha )$


\begin {equation*}\|y(t)\|_{L^{p}(\Omega ; U^{s})}^{2} \leq 2C e^{\theta \mu t} \leq C e^{\theta \mu t} < L .\end {equation*}


$\sup _{t \in [0,T]} \|y(t)\|_{L^{p}(\Omega ; U^{s})} < C$


$H\in \left (\frac {1}{2},1\right )$


\begin {align}\|y(t)\|_{L^{p}(\Omega ;U^{s})}^{2} &\leq C + C\int _{0}^{t}\|y(u)\|_{L^{p}(\Omega ;U^{s})}^{2} \, du + C t^{\frac {2H-\alpha }{2}} \notag \\ &\quad + C\int _{0}^{t} u^{1-2H}(t-u)^{-\alpha +2H-1}\|y(u)\|_{L^{p}(\Omega ;U^{s})}^{2} \, du \notag \\ &\leq C + C\int _{0}^{t} u^{1-2H}(t-u)^{-\alpha +2H-1}\|y(u)\|_{L^{p}(\Omega ;U^{s})}^{2} \, du. \label {eq:217}\end {align}


$0<2H-\alpha \leq 1$


$1-2H>\alpha -2H$


\begin {equation*}\sup _{t \in [0,T]} \|y(t)\|_{L^{p}(\Omega ;U^{s})} \leq C.\end {equation*}


\begin {equation*}\sup _{t \in [0,T]} \|y(t)\|_{L^{p}(\Omega ;U^{s})} \leq C.\end {equation*}


$p \geq 2$


$\alpha < 2H$


$\gamma \in \bigl [0, \frac {2H - \alpha }{2}{\bigl )}$


$y_0 \in L^{p}{(\Omega ; U^{s+2 \gamma })}$


$u \in (0, t)$


$C$


\begin {equation*}\| y(t) - y(u) \|_{L^p(\Omega ; U^s)} \leq C (t - u)^\gamma .\end {equation*}


$u \in (0, t)$


\begin {align}\|y(t) - y(u)\|_{L^{p}(\Omega ; U^{s})} &= \Bigg \| {[\mathscr {R}_{\alpha ,s}(t)-\mathscr {R}_{\alpha ,s}(u)]y_0} \notag \\ &\quad + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t - r) \mathbf {h}(y(r)) \, dr - \int _{0}^{u} \mathscr {R}_{\alpha ,s}(u - r) \mathbf {h}(y(r)) \, dr \notag \\ &\quad + \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t - r) \mathbf {g}(y(r)) \, dB^{H}(r) - \int _{0}^{u} \mathscr {R}_{\alpha ,s}(u - r) \mathbf {g}(y(r)) \, dB^{H}(r) \Bigg \|_{L^{p}(\Omega ; U^{s})} \notag \\ & \leq {\|[\mathscr {R}_{\alpha ,s}(t)-\mathscr {R}_{\alpha ,s}(u)]y_0\|_{L^{p}(\Omega ; U^{s})}} \notag \\ &\quad + \left \| \int _{0}^{u} \left [ \mathscr {R}_{\alpha ,s}(t - r) - \mathscr {R}_{\alpha ,s}(u - r) \right ] \mathbf {h}(y(r)) \, dr \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\quad + \left \| \int _{u}^{t} \mathscr {R}_{\alpha ,s}(t - r) \mathbf {h}(y(r)) \, dr \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\quad + \left \| \int _{0}^{u} \left [ \mathscr {R}_{\alpha ,s}(t - r) - \mathscr {R}_{\alpha ,s}(u - r) \right ] \mathbf {g}(y(r)) \, dB^{H}(r) \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\quad + \left \| \int _{u}^{t} \mathscr {R}_{\alpha ,s}(t - r) \mathbf {g}(y(r)) \, dB^{H}(r) \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &= {I_{0}} + I_{1} + I_{2} + I_{3} + I_{4}. \label {eq:218}\end {align}


$\gamma \in [0,1]$


$I_{0}$


\begin {align}I_0 &=\|[\mathscr {R}_{\alpha ,s}(t)-\mathscr {R}_{\alpha ,s}(u)]y_0\|_{L^{p}(\Omega ; U^{s})} \leq \|\mathbb {A}^{-\gamma }[\mathscr {R}_{\alpha ,s}(t)-\mathscr {R}_{\alpha ,s}(u)]\|\|\mathbb {A}^{\gamma }y_0\|_{L^{p}(\Omega ; U^{s})} \notag \\ & \leq \Big \| \int _u^t \mathbb {A}^{\gamma } \dot {\mathscr {R}_{\alpha ,s}} (r) \, dr \Big \| \Big \|y_0\Big \|_{L^{p}(\Omega ; U^{s+2\gamma })} \leq C \int _u^t r^{\alpha \gamma -1} \, dr \notag \\ & =C (t^{\alpha \gamma } - u^{\alpha \gamma }) \leq C(t-u)^{\alpha \gamma } \leq C(t-u)^{\gamma }, \label {eq:initial}\end {align}


$\left |e^{\zeta u}-1\right | \leq C\left |\zeta \right |^{\gamma }\left |u\right |^{\gamma },\gamma \in (0,1)$


\begin {align}I_{1} &\le \int _{0}^{u}\left \|\mathbb {A}^{\frac {s}{2}}[\mathscr {R}_{\alpha ,s}(t-r)-\mathscr {R}_{\alpha ,s}(u-r)]\right \| \cdot \left \|\mathbf {h}(y(r))\right \|_{L^{p}(\Omega ;U^{s})} dr \notag \\ &\le \int _{0}^{u}(u-r)^{-\gamma }(t-u)^{\gamma }(1+\left \|y(r)\right \|_{L^{p}(\Omega ;U^{s})}) dr \notag \\ &\le C\int _{0}^{u}(u-r)^{-\gamma }(t-u)^{\gamma } dr \le C(t-u)^{\gamma }. \label {eq:219}\end {align}


$I_{2}$


$H \in (0,1)$


\begin {align}I_{2} &= \left \| \int _{u}^{t} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {h}(y(r)) \, dr \right \|_{L^{p}(\Omega ; U^{s})} \leq \int _{u}^{t} \left \| \mathbb {A}^{\frac {s}{2}} \mathscr {R}_{\alpha ,s}(t-r) \right \| \| \mathbf {h}(y(r)) \|_{L^{p}(\Omega ; U^{s})} \, dr \notag \\ &\leq C \int _{u}^{t} (t-r)^{-\frac {\alpha }{2}} \, dr \leq C (t-u)^{1-\frac {\alpha }{2}} \leq C (t-u)^{\gamma }. \label {eq:220}\end {align}


$-2\gamma - \alpha > -1$


$\gamma < \frac {1-\alpha }{2}$


$I_{4}$


\begin {align}I_{4}& = \left \| \int _{u}^{t} \mathscr {R}_{\alpha ,s}(t - r) \mathbf {g}(y(r)) \, dB^{H}(r) \right \|_{L^{p}(\Omega ; U^{s})} \le C\left ( \sup _{u\in [0,T]} \| y(u) \|_{L^{p}(\Omega ; U^{s})} + 1 \right ) (t-u)^{\frac {2H-\alpha }{2}} \notag \\ &\le C (t-u)^{\frac {2H-\alpha }{2}} \le C (t-u)^{\gamma }. \label {eq:221}\end {align}


$I_{3}$


\begin {align}I_{3} &= \left \|\int _{0}^{u} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \mathbf {g}\big (y(r)\big ) \, dB^{H}(r)\right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &= \left \|\int _{0}^{u} \mathbb {A}^{\frac {s}{2}} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \mathbf {g}\big (y(r)\big ) \, dB^{H}(r)\right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq \left \|\left (\int _{0}^{u} \left \| \Gamma _{H,u}^{*} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \mathbb {A}^{\frac {s}{2}} \mathbf {g}\big (y(r)\big ) \right \|_{\mathcal {L}_{2}^{0}}^{2} \, dr \right )^{\frac {1}{2}} \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\quad + \left \|\left ( \int _{0}^{u} \int _{0}^{u} \left \| \mathbb {D}_{s}^{H} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \mathbb {A}^{\frac {s}{2}} \mathbf {g}\big (y(r)\big ) \right \|_{\mathcal {L}_{2,s}^{0}}^{2} \, dr \, du \right )^{\frac {1}{2}} \right \|_{L^{p}(\Omega ; U^{s})} \notag \\ &\leq \left \|\left ( \int _{0}^{u} \left \| \Gamma _{H,u}^{*} \mathbb {A}^{\frac {s}{2}} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \right \| \, \left \| \mathbf {g}\big (y(r)\big ) \right \|_{\mathcal {L}_{2}^{0}} \, dr \right )^{\frac {1}{2}} \right \|_{L^{p}(\Omega ; U^{s})} + J_{2} \notag \\ &\leq C \left \|\left ( \int _{0}^{u} \left \| \Gamma _{H,u}^{*} \mathbb {A}^{\frac {s}{2}} [\mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r)] \right \| \, dr \right )^{\frac {1}{2}} \right \|_{L^{p}(\Omega ; \mathbb {R})} + J_{2} = C J_{1} + J_{2}. \label {eq:222}\end {align}


$J_2$


$H \in (0,1)$


\begin {align}J_{2} &\leq \left ( \int _{0}^{u} \int _{0}^{u} \left ( \left \| \mathbb {D}_{v}^{H} \mathbb {A}^{\frac {s}{2}} \mathbf {g}\big (y(r)\big ) \right \|_{\mathcal {L}_{2}^{0}} \left \| \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \| \right )^{2} dv \, dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( u \int _{0}^{u} \left \| \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \|^{2} dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( \int _{0}^{u} \left \| \frac {1}{2\pi i} \int _{\Gamma } \left | e^{(t-u)\zeta } - 1 \right | \left | e^{(u-r)\zeta } \right | |\zeta |^{-1} \, |d\zeta | \right \|^{2} dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( \int _{0}^{u} \left \| \int _{\Gamma } (t-u)^{\gamma } \bigl | e^{(u-r)\zeta } \bigr | |\zeta |^{\gamma - 1} \, |d\zeta | \right \|^{2} dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( \int _{0}^{u} \left [ (u-r)^{-\gamma } (t-u)^{\gamma } \right ]^{2} dr \right )^{\frac {1}{2}} \notag \\ &\leq C \left ( \int _{0}^{u} (u-r)^{-2\gamma } \, dr \right )^{\frac {1}{2}} (t-u)^{\gamma } \leq C (t-u)^{\gamma }{,} \label {eq:223}\end {align}


$-2\gamma > -1$


$\gamma < \dfrac {1}{2}$


$J_{1}$


$H\in \left (0,\frac {1}{2}\right )$


\begin {align}J_{1}^{2} &\leq \left \| \int _{0}^{u} \left \| \Gamma _{H,u}^{*} \mathbb {A}^{\frac {s}{2}} \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \| dr \right \|_{L^{p}(\Omega ;\mathbb {R})} \notag \\ &\leq C \int _{0}^{u} \left \| \mathbf {K}_{H}(u,r) \mathbb {A}^{\frac {s}{2}} \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \|^{2} dr \notag \\ &\quad + \int _{0}^{u} \Bigg \| \int _{r}^{u} \mathbb {A}^{\frac {s}{2}} \Bigl \{ \bigl [ \mathscr {R}_{\alpha ,s}(t-v) - \mathscr {R}_{\alpha ,s}(u-v) \bigr ] \notag \\ &\qquad - \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \Bigr \} \frac {\partial \mathbf {K}_{H}(v,r)}{\partial u} du \Bigg \|^{2} dr \notag \\ &= C \bigl ( J_{1,1} + J_{1,2} \bigr ){.} \label {eq:224}\end {align}


$J_{1,1}$


\begin {align}J_{1,1} &\leq \int _{0}^{u} \left \| \left ( \frac {u}{r} \right )^{H-\frac {1}{2}} (u-r)^{H-\frac {1}{2}} \mathbb {A}^{\frac {s}{2}} \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \|^{2} dr \notag \\ &\quad + C \int _{0}^{u} \left \| r^{-H+\frac {1}{2}} \left ( \int _{r}^{u} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} du \right ) \mathbb {A}^{\frac {s}{2}} \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \right \|^{2} dr \notag \\ &\leq J_{1,1,1} + J_{1,1,2}{.} \label {eq:225}\end {align}


$J_{1,1,1}$


\begin {align}J_{1,1,1} &\leq \int _{0}^{u} \Bigl [ (u-r)^{H-\frac {1}{2}} (u-r)^{-\frac {\alpha }{2}-\gamma } (t-u)^{\gamma } \Bigr ]^{2} dr \notag \\ &\leq \int _{0}^{u} (u-r)^{2H-2\gamma -\alpha -1} dr \; (t-u)^{2\gamma } \leq C (t-u)^{2\gamma }{,} \label {eq:226}\end {align}


$2H-2\gamma -\alpha -1>-1$


$\gamma <\dfrac {2H-\alpha }{2},\; H>\dfrac {\alpha }{2}$


$J_{1,1,2}$


$v=\frac {r}{\xi }$


\begin {align}J_{1,1,2} &\le \int _{0}^{u} \left [ r^{-H+\frac {1}{2}} \left ( \int _{r}^{u} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} \, du \right ) (t-u)^{\gamma } (u-r)^{-\gamma -\frac {\alpha }{2}} \right ]^{2} dr \notag \\ &\le \int _{0}^{u} \left [ r^{-H+\frac {1}{2}} (u-r)^{-\gamma -\frac {\alpha }{2}} \left ( \int _{r}^{u} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} \, dv \right ) \right ]^{2} dr \, (t-u)^{2\gamma } \notag \\ &\le \int _{0}^{u} r^{-2H+1} (u-r)^{-2\gamma -\alpha } \left [ \int _{r}^{u} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} \, dv \right ]^{2} dr \, (t-u)^{2\gamma } \notag \\ &\le \int _{0}^{u} r^{-2H+1} (u-r)^{-2\gamma -\alpha } \left [ \int _{\frac {r}{u}}^{1} v^{-2H} (1-v)^{H-\frac {1}{2}} \, dv \right ]^{2} dr \, (t-u)^{2\gamma } \notag \\ &\le \int _{0}^{u} r^{-1+2H} (u-r)^{-2\gamma -\alpha } \left [ \int _{0}^{1} \xi ^{-2H} (1-\xi )^{H-\frac {1}{2}} \, d\xi \right ]^{2} dr \, (t-u)^{2\gamma } \notag \\ &\le C (t-u)^{2\gamma }. \label {eq:227}\end {align}


$-2\gamma -\alpha > -1$


$\gamma < \dfrac {1-\alpha }{2}$


$J_{1,1} \le J_{1,1,1} + J_{1,1,2} \le C(t-u)^{2\gamma }$


\begin {align*}&J_{1,2} \notag \\ &= \int _{0}^{u} \Bigg \| \int _{r}^{u} \mathbb {A}^{\frac {s}{2}} \Bigl \{ \bigl [ \mathscr {R}_{\alpha ,s}(t-v) - \mathscr {R}_{\alpha ,s}(u-v) \bigr ] - \bigl [ \mathscr {R}_{\alpha ,s}(t-r) - \mathscr {R}_{\alpha ,s}(u-r) \bigr ] \Bigr \} \notag \\ &\qquad \qquad \cdot \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \Bigg \|^{2} dr \notag \\ &= \int _{0}^{u} \Bigg \| \int _{r}^{u} \Bigg [ \frac {1}{2\pi i} \int _{\Gamma } \Bigl ( \bigl [ e^{\zeta (t-v)} - e^{\zeta (u-v)} \bigr ] - \bigl [ e^{\zeta (t-r)} - e^{\zeta (u-r)} \bigr ] \Bigr ) \mathbb {A}^{\frac {s}{2}} \widetilde {\mathscr {R}}(\zeta ) \, d\zeta \Bigg ] \notag \\ &\qquad \qquad \cdot \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \Bigg \|^{2} dr \notag \\ &= \int _{0}^{u} \Bigg \| \int _{r}^{u} \Bigg [ \frac {1}{2\pi i} \int _{\Gamma } \Bigl ( \bigl [ e^{\zeta (t-u)} - 1 \bigr ] e^{\zeta (u-v)} - \bigl [ e^{\zeta (t-u)} - 1 \bigr ] e^{\zeta (u-r)} \Bigr ) \mathbb {A}^{\frac {s}{2}} \widetilde {\mathscr {R}}(\zeta ) \, d\zeta \Bigg ] \notag \\ &\qquad \qquad \cdot \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \Bigg \|^{2} dr \notag \\ &= \int _{0}^{u} \Bigg \| \int _{r}^{u} \Bigg [ \frac {1}{2\pi i} \int _{\Gamma } \bigl ( e^{\zeta (t-u)} - 1 \bigr ) \bigl ( 1 - e^{\zeta (v-r)} \bigr ) e^{\zeta (u-v)} \mathbb {A}^{\frac {s}{2}} \widetilde {\mathscr {R}}(\zeta ) \, d\zeta \Bigg ] \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (u-r)^{H-\frac {3}{2}} \, dv \Bigg \|^{2} dr \notag \\ &\leq \int _{0}^{u} \Bigg \| \int _{r}^{u} \Bigg [ \frac {1}{2\pi i} \int _{\Gamma } \bigl | e^{\zeta (t-u)} - 1 \bigr | \, \bigl | 1 - e^{\zeta (v-r)} \bigr | \, \bigl | e^{\zeta (u-v)} \bigr | \, \bigl \| \mathbb {A}^{\frac {s}{2}} \widetilde {\mathscr {R}}(\zeta ) \bigr \| \, |d\zeta | \Bigg ] \notag \\ &\qquad \qquad \cdot \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \Bigg \|^{2} dr. \notag \\\end {align*}


$\left |e^{\zeta u}-1\right | \leq C\left |\zeta \right |^{\gamma }\left |u\right |^{\gamma },\gamma \in (0,1)$


\begin {align}&J_{1,2} \notag \\ &\leq \int _{0}^{u} \Bigg ( \int _{r}^{u} (t-u)^{\gamma _{1}} (v-r)^{\gamma _{2}} \Bigg [ \frac {1}{2\pi i} \int _{\Gamma } \bigl | e^{\zeta (u-v)} \bigr | \, |\zeta |^{\gamma _{1}+\gamma _{2}+\frac {\alpha }{2}-1} \, |d\zeta | \Bigg ] \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \Bigg )^{2} dr \notag \\ &\leq C \int _{0}^{u} \Bigg ( \int _{r}^{u} (t-u)^{\gamma _{1}} (v-r)^{\gamma _{2}+H-\frac {3}{2}} (u-v)^{-\gamma _{1}-\gamma _{2}-\frac {\alpha }{2}} \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} \, dv \Bigg )^{2} dr \notag \\ &\leq C \int _{0}^{u} \Bigg ( \int _{r}^{u} (v-r)^{\gamma _{2}+H-\frac {3}{2}} (u-v)^{-\gamma _{1}-\gamma _{2}-\frac {\alpha }{2}} \, dv \Bigg )^{2} dr \; (t-u)^{2\gamma _{1}} \notag \\ &\le C(t-u)^{2\gamma _1}. \label {eq:228}\end {align}


$\gamma _{2} = \frac {1}{2} - H + \varepsilon $


\begin {equation*}\begin {aligned} &\begin {cases} \gamma _{2}+H-\frac {1}{2}>0,\\ 1-\gamma _{1}-\gamma _{2}-\frac {\alpha }{2}>0,\\ -2\gamma _{1}+2H-1-\alpha >-1. \end {cases} && \text {i.e.,} \quad \begin {cases} \gamma _{2}>\frac {1}{2}-H,\\ \gamma _{1}<1-\gamma _{2}-\frac {\alpha }{2}<\frac {1}{2}+H-\frac {\alpha }{2},\\ \gamma _{1}<\frac {2H-\alpha }{2}. \end {cases} \end {aligned}\end {equation*}


\begin {equation}J_{1}^{2} \leq J_{1,1}+J_{1,2} \leq C(t-u)^{2\gamma }, \qquad \gamma <\frac {2H-\alpha }{2}. \label {eq:229}\end {equation}


$H \in \left ( \frac {1}{2}, 1 \right )$


\begin {align}J_{1}^{2} &=\int _{0}^{u}\left \|\Gamma _{H,u}^{*}\mathbb {A}^{\frac {s}{2}}\bigl [\mathscr {R}_{\alpha ,s}(t-r)-\mathscr {R}_{\alpha ,s}(u-r)\bigr ]\right \| dr \notag \\ &=\int _{0}^{u}\Bigg \|\int _{r}^{u}\mathbb {A}^{\frac {s}{2}}\bigl [\mathscr {R}_{\alpha ,s}(t-r)-\mathscr {R}_{\alpha ,s}(u-r)\bigr ]\left (\frac {v}{r}\right )^{H-\frac {1}{2}}(v-r)^{H-\frac {3}{2}}dv\Bigg \|^{2}dr \notag \\ &=\int _{0}^{u}\Bigg \|\int _{r}^{u}\Bigg [\frac {1}{2\pi i}\int _{\Gamma }\bigl [e^{\zeta (t-r)}-e^{\zeta (u-r)}\bigr ]\mathbb {A}^{\frac {s}{2}}\widetilde {\mathscr {R}}(\zeta )\,d\zeta \Bigg ]\left (\frac {v}{r}\right )^{H-\frac {1}{2}}(v-r)^{H-\frac {3}{2}}dv\Bigg \|^{2}dr \notag \\ &\leq C \int _{0}^{u}\Bigg \|\int _{r}^{u}\Bigg [\int _{\Gamma }\bigl |e^{\zeta (t-u)}-1\bigr |\,\bigl |e^{\zeta (u-r)}\bigr |\,\bigl \|\mathbb {A}^{\frac {s}{2}}\widetilde {\mathscr {R}}(\zeta )\bigr \|\,|d\zeta |\Bigg ]\left (\frac {v}{r}\right )^{H-\frac {1}{2}}(v-r)^{H-\frac {3}{2}}dv\Bigg \|^{2}dr \notag \\ &\leq C \int _{0}^{u}\Bigg \|\int _{r}^{u}\Bigg [\int _{\Gamma }(t-u)^{\gamma }\bigl |e^{\zeta (u-r)}\bigr |\,|\zeta |^{\gamma +\frac {\alpha }{2}-1}\,|d\zeta |\Bigg ]\left (\frac {v}{r}\right )^{H-\frac {1}{2}}(v-r)^{H-\frac {3}{2}}dv\Bigg \|^{2}dr \notag \notag \\ &\leq C \int _{0}^{u}\left (\int _{r}^{u}(t-u)^{\gamma }(u-r)^{-\gamma -\frac {\alpha }{2}}\left (\frac {v}{r}\right )^{H-\frac {1}{2}}(v-r)^{H-\frac {3}{2}}dv\right )^{2}dr \notag \\ &\leq C \int _{0}^{u}(u-r)^{-2\gamma -\alpha }\left (\frac {u}{r}\right )^{2H-1}\left (\int _{r}^{u}(v-r)^{H-\frac {3}{2}}dv\right )^{2}dr\;(t-u)^{2\gamma } \notag \\ &\leq C \int _{0}^{u}(u-r)^{-2\gamma -\alpha +2H-1}\left (\frac {u}{r}\right )^{2H-1}dr\;(t-u)^{2\gamma } \notag \\ &\leq C\left (\frac {\Gamma (2-2H)\,\Gamma (2H-2\gamma -\alpha )}{\Gamma (2-2\gamma -\alpha )}\right )^{2}(t-u)^{2\gamma }\,u^{-2\gamma -\alpha +2H} \leq C\,(t-u)^{2\gamma }. \label {eq:230}\end {align}


$H, \alpha $


$\gamma $


\begin {equation*}\begin {cases} -2\gamma -\alpha +2H>0,\\[2pt] 2-2H>0,\\[2pt] 2H-2\gamma -\alpha >0, \end {cases} \quad \text {i.e.,}\quad \gamma <\frac {2H-\alpha }{2}.\end {equation*}


$H \in (0,1)$


\begin {equation*}I_{3}^{2} \leq C(t-u)^{2\gamma }.\end {equation*}


\begin {equation*}\|y(t)-y(u)\|_{L^{p}(\Omega ;U^{s})} \leq C \left (t-u\right )^{\gamma }, \quad \forall \gamma \in \left [0, \frac {2H-\alpha }{2}\right ).\end {equation*}


$p$


$\Gamma _{\theta }, \Gamma _{\kappa }, \Gamma _{\theta ,\kappa }$


\begin {align*}&\qquad \Gamma _\theta = \{ \zeta \in \mathbb {C} : \zeta \neq 0,\; |\arg \zeta | \leq \theta \}, \\ &\qquad \Gamma _{\theta ,\kappa } = \{ \zeta \in \mathbb {C} : |\zeta | > \kappa ,\; |\arg \zeta | \leq \theta \}, \\[4pt] &\qquad \Gamma _{\theta ,\kappa } = \{\varrho e^{\pm i\theta } : \varrho \geq \kappa \} \cup \{\kappa e^{i\phi } : |\phi | \leq \theta \},\end {align*}


$\pi /2 < \theta < \pi ,\; \kappa > 0.$


$\mathbb {A}^{s}$


\begin {equation*}\bigl \| (\zeta ^{\alpha }+\mathbb {A}^{s})^{-1} \bigr \|_{L^{2}\to L^{2}} \le C\,|\zeta |^{-\alpha }, \qquad \text {for all } s\in (0,1).\end {equation*}


$\mathscr {R}_{\alpha ,s}$


$C$


\begin {equation*}\|\mathscr {R}_{\alpha ,s}(t)\| \leq M e^{-at}.\end {equation*}


$\Gamma _0$


$\operatorname {Re} \zeta $


$\Gamma _{\theta ,k}$


\begin {align*}\Gamma _{1}&:\; \zeta =-a+re^{i\theta },\\[2pt] \Gamma _{2}&:\; \zeta =-a+re^{-i\theta },\\[2pt] \Gamma _{3}&:\; \zeta =-a+Re^{i\phi },\end {align*}


$r\ge R$


$\phi $


$\theta $


$\pi $


$-\pi $


$-\theta $


$R>0$


$a>0$


\begin {equation*}a<\lambda _{1}^{1/\alpha }\sin \bigl (\alpha (\pi -\theta )\bigr ).\end {equation*}


$a$


$\Gamma _0$


$\Gamma _{\theta ,k}$


$\operatorname {Re}(-a+Re^{i\phi })<0$


$\mathscr {R}_{\alpha ,s}(t)$


$\Gamma _0$


\begin {align}\| \mathscr {R}_{\alpha ,s}(t) \|_{L^{2} \to L^{2}} &\leq \frac {1}{2\pi } \int _{\Gamma _0} |e^{\zeta t}| \, |\zeta |^{\alpha -1} \, \| (\zeta ^{\alpha }+\mathbb {A}^{s})^{-1} \|_{L^{2} \to L^{2}} \, |d\zeta | \notag \\[4pt] &\leq \frac {1}{2\pi } \int _{\Gamma _0} |e^{\zeta t}| \, |\zeta |^{\alpha -1} \, |\zeta |^{-\alpha } \, |d\zeta | = \frac {1}{2\pi } \int _{\Gamma _0} |e^{t\operatorname {Re}\zeta }| \, |e^{it\operatorname {Im}\zeta }| \, |\zeta |^{\alpha -1} \, |\zeta |^{-\alpha } \, |d\zeta | \notag \\[4pt] &\leq \int _{\Gamma _0} |e^{t\operatorname {Re}\zeta }| \, |\zeta |^{\alpha -1} \, |\zeta |^{-\alpha } \, |d\zeta | = \int _{\Gamma _0} e^{t\operatorname {Re}\zeta } \, |\zeta |^{-1} \, |d\zeta |{,} \label {eq:31}\end {align}


$\left | e^{it\operatorname {Im}\zeta } \right | = \left | \cos (t\operatorname {Im}\zeta ) + i\sin (t\operatorname {Im}\zeta ) \right | = 1$


$\Gamma _1$


$\Gamma _2$


$\zeta = -a + re^{i\theta }$


$\operatorname {Re}\zeta = -a + r\cos \theta $


$\theta \in \left ( \dfrac {\pi }{2}, \pi \right )$


$\cos \theta < 0$


$\operatorname {Re}\zeta = -a - r c_\theta $


$e^{t\operatorname {Re}\zeta } = e^{-at} \cdot e^{-r c_\theta t}$


$|\zeta |$


$a$


$r$


$|\zeta | \sim r$


$|d\zeta | = dr$


$I_1$


$\Gamma _1$


\begin {align}I_1 &= \int _{\Gamma _1} e^{t\operatorname {Re}\zeta } |\zeta |^{-1} \, |d\zeta | \notag \\ &\sim \int _{\Gamma _1} e^{-at} e^{-tr|\cos \theta |} r^{-1} \, dr \notag \\ &\leq 2 \int _{\Gamma _1} e^{-at} e^{-tr|\cos \theta |} r^{-1} \, dr \quad \notag \\ &\leq C e^{-at} \int _{\Gamma _1} e^{-tr|\cos \theta |} r^{-1} \, dr \notag \\ &= C e^{-at} \int _{R+a\cos \theta }^{\infty } e^{tr\cos \theta } r^{-1} \, dr. \label {eq:32}\end {align}


$u = -t r \cos \theta $


$r = -\dfrac {u}{t \cos \theta }$


$dr = -\dfrac {du}{t \cos \theta }$


\begin {align}I_{1} &= c e^{-at} \int _{-t R \cos \theta }^{\infty } e^{-u} \frac {t \cos \theta }{u} \cdot \frac {1}{t \cos \theta } \, du \notag \\ &= c e^{-at} \int _{-t R \cos \theta }^{\infty } \frac {e^{-u}}{u} \, du \notag \\ &\leq c e^{-at}. \label {eq:33}\end {align}


$\Gamma _{2}$


$I_2$


$I_2 \leq c e^{-at}$


$\Gamma _3$


$\zeta = -a + R e^{i\phi }$


$\phi \in [\theta , \pi ] \cup [-\pi , -\theta ]$


\begin {equation*}\operatorname {Re} \zeta = -a + R \cos \phi \leq -a + R \cos \theta .\end {equation*}


$R - a \leq |\zeta | \leq a + R$


$|d\zeta | = |R e^{i\phi } d\phi | = R d\phi $


\begin {align}I_3 &= \int _{\Gamma _3} \left | e^{\zeta t} \right | |\zeta |^{\alpha -1} \left \| (e^{\zeta ^2} + \mathbb {A}^s)^{-1} \right \| |d\zeta | \notag \\ &\leq \int _{\Gamma _3} e^{-at + Rt \cos \phi } |\zeta |^{\alpha -1} \|\zeta \|^{-\alpha } R d\phi \notag \\ &\leq \int _{\phi } e^{-at + Rt \cos \phi } \cdot \frac {1}{R-a} \cdot R d\phi \notag \\ &\leq C e^{-at} \int _{\phi } e^{Rt \cos \phi } d\phi \notag \\ &= C e^{-at} \left ( \int _{\theta }^{\pi } e^{Rt \cos \phi } d\phi + \int _{-\pi }^{-\theta } e^{Rt \cos \phi } d\phi \right ) \notag \\ &= C e^{-at} {J_1+J_2}. \label {eq:34}\end {align}


$[\theta , \pi ]$


$e^{tR \cos \phi } \leq e^{tR \cos \theta }$


\begin {align}J_1 = \int _{\theta }^{\pi } e^{Rt \cos \phi } d\phi \leq \int _{\theta }^{\pi } e^{Rt \cos \theta } d\phi = (\pi - \theta ) e^{Rt \cos \theta } \leq C. \label {eq:35}\end {align}


$[-\pi , -\theta ]$


$e^{tR \cos \phi } \leq e^{tR \cos \theta }$


$J_2 \leq C$


\begin {align}I_3 \leq C e^{-at} (J_1 + J_2) \leq M e^{-at}. \label {eq:36}\end {align}


\begin {align}\|\mathscr {R}_{\alpha ,s}(t)\| \leq M e^{-at}. \label {eq:37}\end {align}


$q, \delta , \beta , m, \sigma , \alpha , \gamma , \xi ,$


$\geq 0$


$r: [0, T] \to \mathbb {R}^+$


$y(t)$


$[0, T)$


\begin {align*}y(t) &\leq r(t) + b t^{q} \int _0^t u^{-\delta } (t-u)^{\beta } y(u) \, du + c t^{m} \int _0^t u^{-\sigma } (t-u)^{-\alpha } y(u) \, du \\ &+ d t^{\xi } \int _0^t u^{-\gamma } y(u) \, du + e t^{\eta } \int _0^t y(u) \, du,\end {align*}


$\mu $


\begin {align}y(t) \leq 2 e^{\theta \mu t} r(t), \label {eq:38}\end {align}


$t \in [0, T)$


$(0 < \theta < \min \{1, 1+\sigma , 1-\gamma , 1-\alpha , 1-\delta \})$


$\alpha + \theta < 1$


$\theta + \delta < 1$


\begin {align*}y(t) &\leq r(t) + b t^{q} \left ( \int _{0}^{t} t^{-\frac {\delta }{1-\theta }} (t-u)^{\frac {\beta }{1-\theta }} \, du \right )^{1-\theta } \left ( \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right )^{\theta } \notag \\ &\quad + c t^{m} \left ( \int _{0}^{t} t^{\frac {\sigma }{1-\theta }} (t-u)^{-\frac {\alpha }{1-\theta }} \, du \right )^{1-\theta } \left ( \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right )^{\theta } \notag \\ &\quad + d t^{\xi } \left ( \int _{0}^{t} t^{-\frac {\gamma }{1-\theta }} \, du \right )^{1-\theta } \left ( \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right )^{\theta } \quad + e t^{1-\theta +\eta } \left ( \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right )^{\theta } \notag \\ &\leq r(t) + \Bigg \{ b \left ( \frac {\Gamma \left (\frac {1-\theta -\delta }{1-\theta }\right ) \Gamma \left (\frac {1-\theta +\beta }{1-\theta }\right )}{\Gamma \left (2+\frac {\beta -\delta }{1-\theta }\right )} \right )^{1-\theta } t^{q+1-\theta +\beta -\delta } \notag \\ &\quad + c \left ( \frac {\Gamma \left (\frac {\sigma +1-\theta }{1-\theta }\right ) \Gamma \left (\frac {1-\theta -\alpha }{1-\theta }\right )}{\Gamma \left (\frac {\sigma -\alpha +1-\theta }{1-\theta }\right )} \right )^{1-\theta } t^{\sigma -\alpha +1-\theta +m} \notag \\ &\quad + d \left ( \frac {1-\theta }{1-\theta -\gamma } \right )^{1-\theta } t^{1-\theta -\gamma +\xi } \quad + e t^{1-\theta +\eta }\Bigg \} \left ( \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right )^{\theta }, \label {eq:39}\end {align*}


$\Gamma (\cdot )$


$\alpha +\theta <1$


$\theta +\delta <1$


\begin {equation*}y^{\frac {1}{\theta }}(t) \le 2^{\frac {1}{\theta }-1} \left ( r^{\frac {1}{\theta }}(t) + C^{\frac {1}{\theta }}(t) \int _{0}^{t} y^{\frac {1}{\theta }}(u) \, du \right ),\end {equation*}


\begin {align*}C(t) &= b \left ( \frac {\Gamma \left (\frac {1-\theta -\delta }{1-\theta }\right ) \Gamma \left (\frac {1-\theta +\beta }{1-\theta }\right )}{\Gamma \left (2+\frac {\beta -\delta }{1-\theta }\right )} \right )^{1-\theta } t^{q+1-\theta +\beta -\delta } \\ &\quad + c \left ( \frac {\Gamma \left (\frac {\sigma +1-\theta }{1-\theta }\right ) \Gamma \left (\frac {1-\theta -\alpha }{1-\theta }\right )}{\Gamma \left (\frac {\sigma -\alpha +1-\theta }{1-\theta }\right )} \right )^{1-\theta } t^{\sigma -\alpha +1-\theta +m} \\ &\quad + d \left ( \frac {1-\theta }{1-\theta -\gamma } \right )^{1-\theta } t^{1-\theta -\gamma +\beta } \\ &\quad + e t^{1-\theta +\eta }.\end {align*}


$\mathbf {D}(t) = y^{\frac {1}{\theta }}(t)$


$E(t) = 2^{-\frac {1}{\theta }} {r}^{\frac {1}{\theta }}(t)$


\begin {equation*}\mathbf {h}(t) = 2^{\frac {1}{\theta }-1} C^{\frac {1}{\theta }}(t).\end {equation*}


\begin {equation*}\mathbf {D}(t) \leq E(t) + \mathbf {h}(t) \int _{0}^{t} \mathbf {D}(u) \, du.\end {equation*}


$\mathbf {h}(t)$


$[0,T]$


$\mathbb {R}^{+}$


\begin {equation*}\mathbf {h}_{T} := \int _{0}^{T} \mathbf {h}(t) \, dt < \infty .\end {equation*}


$\mu > 0$


\begin {equation*}\mathbf {D}(t) \leq 2 e^{\mu \theta t} E(t), \quad t \in [0, T].\end {equation*}


$p$


$\mathscr {B}_t$


$H \in {(\frac {1}{2},1)}$


\begin {align*}\mathbb {E} \| \mathscr {B}_{t} \|^{2} &\leq C \biggl \{ t^{2H-1} \int _{0}^{t} u^{-2H+1} (t-u)^{-1+2H} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} \, du \notag \\ & \quad + \int _{0}^{t} \int _{0}^{t} e^{-2a(t-r)} \mathbb {E} \| \mathbb {D}_{u}^{H} \mathbf {g}(y(r)) \|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr {\biggl \}}.\end {align*}


$H \in {(0,\frac {1}{2})}$


\begin {align*}\mathbb {E} \| \mathscr {B}_{t} \|^{2} &\leq C \{ t^{-1+2H} \int _{0}^{t} r^{1-2H} (t-r)^{2H-1} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ & \quad + \int _{0}^{t} r^{-1+2H} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr + \int _{0}^{t} (t-r)^{2H+2\gamma -1} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ & \quad + \int _{0}^{t} \int _{0}^{t} e^{-2a(t-r)} \mathbb {E} \| \mathbb {D}_{u}^{H} \mathbf {g}(y(r)) \|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr\}.\end {align*}


\begin {align}\mathbb {E} \|\mathscr {B}_t\|^{2} &\leq \mathbb {E} \int _0^t \|\Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr + \mathbb {E} \int _0^t \int _0^t \| \mathbb {D}_{u}^H \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr \notag \\ &\leq \mathbb {E} \int _0^t \|\Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-r)\|^{2} \, \mathbb {E} \|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr + \int _0^t \int _0^t \| \mathscr {R}_{\alpha ,s}(t-r)\|^{2} \mathbb {E} \| \mathbb {D}_{u}^H \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr \notag \\ &\leq I + C \int _0^t \int _0^t e^{-2a(t-r)} \mathbb {E} \|\mathbb {D}_{u}^H \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr, \label {eq:39}\end {align}


$I = \int _{0}^{t} \| \Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-r) \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr$


$H \in (\frac {1}{2}, 1)$


\begin {align}I &= \int _{0}^{t} \| \Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-r) \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &= \int _{0}^{t} \left ( \int _{r}^{t} \left \| \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \mathscr {R}_{\alpha ,s}(t-r) \right \| \, dv \right )^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C\int _{0}^{t} \left ( \int _{r}^{t} e^{-a(t-r)} \left ( \frac {v}{r} \right )^{H-\frac {1}{2}} (v-r)^{H-\frac {3}{2}} \, dv \right )^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C\int _{0}^{t} \left ( \frac {t}{r} \right )^{2H-1} e^{-2a(t-r)} \left ( \int _{r}^{t} (v-r)^{H-\frac {3}{2}} \, dv \right )^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C\int _{0}^{t} \left ( \frac {t}{r} \right )^{2H-1} e^{-2a(t-r)} (t-r)^{2H-1} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C t^{2H-1} \int _{0}^{t} r^{1-2H} (t-r)^{2H-1} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr. \label {eq:310}\end {align}


\begin {align}\mathbb {E} \| \mathscr {B}_{t} \|^{2} &\leq C \biggl \{ t^{2H-1} \int _{0}^{t} r^{-2H+1} (t-r)^{-1+2H} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ & \quad + \int _{0}^{t} \int _{0}^{t} e^{-2a(t-r)} \mathbb {E} \| \mathbb {D}_{u}^{H} \mathbf {g}(y(r)) \|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr \biggr \}. \label {eq:311}\end {align}


$H \in (0, \frac {1}{2})$


\begin {align}I &= \int _{0}^{t} \| \Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-r) \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq \int _{0}^{t} \| \mathbf {K}_{H}(t,r) \mathscr {R}_{\alpha ,s}(t-r) \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\quad + \int _{0}^{t} \left \| \int _{r}^{t} \bigl [ \mathscr {R}_{\alpha ,s}(t-v) - \mathscr {R}_{\alpha ,s}(t-r) \bigr ] \frac {\partial \mathscr {R}_{H}(v,r)}{\partial v} \, dv \right \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &= I_{1,1} + I_{1,2}. \label {eq:312}\end {align}


$I_{1,1}$


\begin {align}&I_{1,1} \notag \\ &\leq \int _{0}^{t} \left \| \left ( \frac {t}{r} \right )^{-\frac {1}{2}+H} (t-r)^{H-\frac {1}{2}} \mathscr {R}_{\alpha ,s}(t-r) \right \|^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\quad + C \int _{0}^{t} r^{1-2H} \left ( \int _{r}^{t} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} \, dv \mathscr {R}_{\alpha ,s}(t-r) \right )^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &= J_{1,1} + J_{1,2}. \label {eq:313}\end {align}


$J_{1,1}$


$J_{1,2}$


\begin {align*}J_{1,1} &\leq C \int _{0}^{t} \left ( \frac {t}{r} \right )^{-1+2H} (t-r)^{2H-1} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr, \\ J_{1,2} &\leq C \int _{0}^{t} r^{1-2H} e^{-2a(t-r)} \left ( \int _{r}^{t} v^{-\frac {3}{2}+H} (v-r)^{-\frac {1}{2}+H} \, dv \right )^{2} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr.\end {align*}


$I(v) = \left ( \int _{r}^{t} v^{H-\frac {3}{2}} (v-r)^{H-\frac {1}{2}} \, dv \right )^{2}$


$v = r \theta $


\begin {equation*}I(v) \leq C r^{4H-2}.\end {equation*}


\begin {equation*}J_{1,2} \leq C \int _{0}^{t} r^{2H-1} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr.\end {equation*}


\begin {align*}&I_{1,1} \notag \\ &\leq C \{ t^{2H-1} \int _{0}^{t} r^{1-2H} (t-r)^{2H-1} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \\ &+ \int _{0}^{t} r^{2H-1} e^{-2a(t-r)} \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \}.\end {align*}


$\left | \frac {e^{\zeta r} - 1}{r^{\gamma }} \right | < C |\zeta |^\gamma $


$\gamma \in [0,1]$


\begin {align}& I_{1,2} = \int _{0}^{t} \left \| \int _{r}^{t} \left [ \mathscr {R}_{\alpha ,s}(t-v) - \mathscr {R}_{\alpha ,s}(t-r) \right ] \frac {\partial \mathbf {K}_H(v,r)}{\partial v} \, dv \right \|^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &= \int _{0}^{t} \left \| \int _{r}^{t} \left [ \mathscr {R}_{\alpha ,s}(t-v) - \mathscr {R}_{\alpha ,s}(t-r) \right ] \left ( \frac {v}{r} \right )^{-\frac {1}{2}+H} (v-r)^{-\frac {3}{2}+H} \, dv \right \|^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &= \int _{0}^{t} \left \| \int _{r}^{t} \frac {1}{2\pi i} \int _{\Gamma _0} \left [ e^{\zeta (t-v)} - e^{\zeta (t-r)} \right ] { \widetilde {\mathscr {R}}_{\alpha ,s}(\zeta )} \, d\zeta \left ( \frac {v}{r} \right )^{-\frac {1}{2}+H} (v-r)^{-\frac {3}{2}+H} \, dv \right \|^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C \int _{0}^{t} \left ( \int _{r}^{t} \int _{\Gamma _0} \left | e^{\zeta (t-r)} \right | \left | e^{\zeta (r-v)} - 1 \right | | {\zeta |^{-1}} \, |d\zeta | \left ( \frac {v}{r} \right )^{-\frac {1}{2}+H} (v-r)^{-\frac {3}{2}+H} \, dv \right )^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C \int _{0}^{t} \left ( \int _{0}^{t} e^{\zeta |t-r|} |\zeta |^{-1+\gamma } \, |d\zeta | \left ( \frac {v}{r} \right )^{-\frac {1}{2}+H} (v-r)^{-\frac {3}{2}+H} \, dv \right )^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C \int _{0}^{t} e^{-2a(t-r)} \left ( \int _{r}^{t} \left ( \frac {v}{r} \right )^{-\frac {1}{2}+H} (v-r)^{-\frac {3}{2}+H+\gamma } \, dv \right )^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C \int _{0}^{t} e^{-2a(t-r)} \left ( \int _{r}^{t} (v-r)^{-\frac {3}{2}+H+\gamma } \, dv \right )^2 \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ &\leq C \int _{0}^{t} e^{-2a(t-r)} (t-r)^{-1+2H+2\gamma } \mathbb {E} \| \mathbf {g}(y(r)) \|_{\mathcal {L}_2^0}^{2} \, dr. \label {eq:315}\end {align}


$H - \frac {1}{2} + \gamma > -1$


$\gamma > \frac {1}{2} - H$


\begin {align}I \leq I_{1,1} + I_{1,2} &\leq C \{ t^{-1+2H} \int _{0}^{t} r^{1-2H} (t-r)^{2H-1} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ & \quad + \int _{0}^{t} r^{-1+2H} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr \notag \\ & \quad + \int _{0}^{t} (t-r)^{2H+2\gamma -1} e^{-2a(t-r)} \mathbb {E}\|\mathbf {g}(y(r))\|_{\mathcal {L}_2^0}^{2} \, dr \}. \label {eq:316}\end {align}


$p \geq 2$


$y(t)$


$z(t)$


$y_0$


$z_0$


$t > 0$


$\mu $


\begin {equation*}\mathbb {E} \| y(t) - z(t) \|^p \leq C e^{-(p {a} - \theta \mu )t} \mathbb {E} \| y_0 - z_0 \|^p {,}\end {equation*}


$\mu <\frac {pa}{\theta }.$


$p = 2$


$y$


$z$


\begin {align*}y(t)&=\mathscr {R}_{\alpha ,s}(t){y_{0}}+\int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {h}(y(u))\, du +\int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(y(u))\, dB^{H}(u), \\ z(t)&=\mathscr {R}_{\alpha ,s}(t)z_{0}+\int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {h}(z(u))\, du +\int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(z(u))\, dB^{H}(u).\end {align*}


$H\in (\frac {1}{2},1)$


\begin {align}\mathbb {E}\|y(t)-z(t)\|^{2} &\leq C\Bigg \{e^{-2at} \mathbb {E}\|y_{0}-z_{0}\|^{2} \notag \\ &~~ + \int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ &~~ + t^{2H-1}\int _{0}^{t} u^{1-2H}(t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ &~~ + \int _{0}^{t}\int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,dr \,du \Bigg \} \notag \\ &\leq C\Bigg \{e^{-2at} \mathbb {E}\|y_{0}-z_{0}\|^{2} \notag \\ &~~ + \int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ &~~ + t^{2H-1}\int _{0}^{t} u^{1-2H}(t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ &~~ + t \int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \Bigg \}. \label {eq:317}\end {align}


\begin {equation*}\frac {\mathbb {E}\|y(t)-z(t)\|^{2}}{e^{-2at}} \leq 2 \mathbb {E}\|y_{0}-z_{0}\|^{2} e^{\theta \mu t}.\end {equation*}


\begin {equation}\mathbb {E}\|y(t)-z(t)\|^{2} \leq C e^{(\theta \mu -2a)t} \mathbb {E}\|y_{0}-z_{0}\|^{2}. \label {eq:318}\end {equation}


$H \in (0, \frac {1}{2})$


\begin {align}\mathbb {E}\|y(t)-z(t)\|^{2} &\leq C\Bigg \{e^{-2at} \mathbb {E}\|y_{0}-z_{0}\|^{2} \notag \\ & + \int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ & + t^{-1+2H} \int _{0}^{t} u^{1-2H} (t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ & + \int _{0}^{t} u^{2H-1} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \notag \\ & + \int _{0}^{t} (t-u)^{2H+2\gamma -1} e^{-2a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{2} \,du \Bigg \} {.} \label {eq:319}\end {align}


\begin {equation*}\frac {\mathbb {E}\|y(t)-z(t)\|^{2}}{e^{-2at}} \leq 2 \mathbb {E}\|y_{0}-z_{0}\|^{2} e^{\theta \mu t}.\end {equation*}


\begin {equation}\mathbb {E}\|y(t)-z(t)\|^{2} \leq C e^{(\theta \mu -2a)t} \mathbb {E}\|y_{0}-z_{0}\|^{2}. \label {eq:320}\end {equation}


$p > 2$


\begin {align}\mathbb {E} \| \mathscr {R}_{\alpha ,s}(t) y \|^{p} &\leq e^{-p a t} \mathbb {E} \| y \|^{p}, \label {eq:321}\end {align}


\begin {align}\mathbb {E} \left \| \int _{0}^{t} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {h}(y(u)) \, du \right \|^{p} &\leq \left ( \int _{0}^{t} e^{-2a(t-u)} \mathbb {E} \| \mathbf {h}(y(u)) \|^{2} \, du \right )^{\frac {p}{2}} \notag \\ &\leq \left ( \int _{0}^{t} e^{-p a (t-u)} \mathbb {E} \| \mathbf {h}(y(u)) \|^{p} \, du \right ) \cdot \left ( \int _{0}^{t} 1^{\frac {p}{p-2}} \, du \right )^{\frac {p-2}{2}} \notag \\ &\leq t^{\frac {p-2}{2}} \int _{0}^{t} e^{-p a (t-u)} \mathbb {E} \| \mathbf {h}(y(u)) \|^{p} \, du. \label {eq:322}\end {align}


$H \in (\frac {1}{2}, 1)$


\begin {align*}\mathbb {E}\|\mathscr {B}_{t}\|^{p} &\leq C\left \{\mathbb {E}\left (\int _{0}^{t} \|\Gamma _{H,t}^{*} \mathscr {R}_{2,s}(t-u) \mathbf {g}(y(u))\|_{\mathcal {L}_2^0}^{2} \, du\right )^{\frac {p}{2}} \right . \\ &\quad \left . +\, \mathbb {E}\left (\int _{0}^{t} \int _{0}^{t} \|\mathbb {D}_{u}^{H} \mathscr {R}_{2,s}(t-r) \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{2} \, du \, dr\right )^{\frac {p}{2}} \right \} \\ &\leq C \left \{ \left ( t^{2H-1} \int _{0}^{t} u^{1-2H} (t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E}\|\mathbf {g}(y(u))\|_{\mathcal {L}_2^0}^{2} \, du \right )^{\frac {p}{2}} \right . \\ &\quad \left . +\, \left ( \int _{0}^{t} \int _{0}^{t} e^{-2a(t-u)} \mathbb {E}\|\mathbb {D}_{u}^{H} \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{2} \, dr \, du \right )^{\frac {p}{2}} \right \} \leq C (I_{1} + I_{2}).\end {align*}


\begin {align}I_{1} &\leq t^{2H-1} \left ( \int _{0}^{t} 1^{\frac {p}{p-2}} \, du \right )^{\frac {-2+p}{2}} \left ( \int _{0}^{t} u^{\frac {p(-2H+1)}{2}} (t-u)^{\frac {p(2H-1)}{2}} e^{-pa(t-u)} \mathbb {E}\|\mathbf {g}(y(u))\|_{\mathcal {L}_2^0}^{p} \, du \right ) \notag \\ &= t^{2H+\frac {p}{2}-2} \int _{0}^{t} u^{\frac {p(-2H+1)}{2}} (t-u)^{\frac {p(2H-1)}{2}} e^{-pa(t-u)} \mathbb {E}\|\mathbf {g}(y(u))\|_{\mathcal {L}_2^0}^{p} \, du, \notag \\ I_{2} &\leq t^{\frac {p}{2}-1} \int _{0}^{t} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|\mathbb {D}_{u}^{H} \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{p} \, dr \, du. \label {eq:323}\end {align}


\begin {align}\mathbb {E}\|\mathscr {B}_{t}\|^{p} &\leq C \left \{ t^{2H+\frac {p}{2}-2} \int _{0}^{t} u^{\frac {p(-2H+1)}{2}} (t-u)^{\frac {p(2H-1)}{2}} e^{-pa(t-u)} \mathbb {E}\|\mathbf {g}(y(u))\|_{\mathcal {L}_2^0}^{p} \, du \right . \notag \\ &\quad \left . +\, t^{\frac {p}{2}-1} \int _{0}^{t} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|\mathbb {D}_{u}^{H} \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{p} \, dr \, du \right \}. \label {eq:324}\end {align}


\begin {align}\mathbb {E}\|y(t)-z(t)\|^{p} &\leq 3^{p-1} M^{p} \Bigg \{ e^{-p a t} \mathbb {E}\|y_{0}-z_{0}\|^{p} + t^{\frac {-2+p}{2}} \int _{0}^{t} e^{-p a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \notag \\ &\quad + t^{2H+\frac {p}{2}-2} \int _{0}^{t} u^{\frac {(1-2H)p}{2}} (t-u)^{\frac {(2H-1)p}{2}} e^{-p a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \notag \\ &\quad + t^{\frac {p}{2}} \int _{0}^{t} e^{-p a(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \Bigg \}. \label {eq:325}\end {align}


$\mu $


\begin {equation}\mathbb {E}\|y(t)-z(t)\|^{p} \leq C e^{-(pa - \theta \mu )t} \mathbb {E}\|y_0-z_0\|^{p}. \label {eq:326}\end {equation}


$H \in (0,\frac {1}{2})$


\begin {align*}&\mathbb {E} \|\mathscr {B}_t\|^p \\ &\leq C \Bigg \{ \mathbb {E} \left ( \int _0^t \| \Gamma _{H,t}^{*} \mathscr {R}_{\alpha ,s}(t-u) \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right )^{\frac {p}{2}} + \mathbb {E} \left ( \int _0^t \int _0^t \| \mathbb {D}_{u}^{H} \mathscr {R}_{\alpha ,s}(t-r) \mathbf {g}(y(r)) \|_{\mathcal {L}_{2,s}^0}^{2} du dr \right )^{\frac {p}{2}} \Bigg \} \\ &\leq C \left \{ \left ( t^{2H-1} \int _0^t u^{1-2H} (t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right . \right . \\ &\quad \left . + \int _0^t u^{2H-1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right . \left . \left . + \int _0^t (t-u)^{2H+2\gamma -1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right )^{\frac {p}{2}} \right . \\ &\quad \left . +\, \left ( \int _0^t \int _0^t e^{-2a(t-u)} \mathbb {E} \| \mathbb {D}_{u}^{H} \mathbf {g}(y(r)) \|_{\mathcal {L}_{2,s}^0}^2 du dr \right )^{\frac {p}{2}} \right \} \\ &\leq C \left \{ \left ( t^{2H-1} \int _0^t u^{1-2H} (t-u)^{2H-1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right )^{\frac {p}{2}} \right . \\ &\quad \left . + \left ( \int _0^t u^{2H-1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right )^{\frac {p}{2}} \right . \\ &\quad \left . + \left ( \int _0^t (t-u)^{2H+2\gamma -1} e^{-2a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^{2} du \right )^{\frac {p}{2}} + J_4 \right \} := J_1 + J_2 + J_3 + J_4.\end {align*}


\begin {align}J_1 &\leq t^{2H+\frac {p}{2}-2} \left ( \int _0^t u^{\frac {(1-2H)p}{2}} (t-u)^{\frac {(-1+2H)p}{2}} e^{-p a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^p du \right ), \label {eq:327} \\ J_2 &\leq t^{\frac {p}{2}-1} \int _0^t u^{(-1+2H)p} e^{-p a(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^p du, \label {eq:328}\\ J_3 &\leq \int _0^t (t-u)^{(H+\gamma )p-1} e^{-pa(t-u)} \mathbb {E} \| \mathbf {g}(y(u)) \|_{\mathcal {L}_2^0}^p du. \label {eq:329}\\ J_4 &\leq t^{\frac {p}{2}-1} \int _{0}^{t} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|\mathbb {D}_{u}^{H} \mathbf {g}(y(r))\|_{\mathcal {L}_{2,s}^0}^{p} \, dr \, du. \label {eq:J_4}\end {align}


\begin {align*}\mathbb {E}\|y(t)-z(t)\|^{p} &\leq 3^{p-1}M^{p} \Bigg \{ e^{-pat} \mathbb {E}\|y_{0}-z_{0}\|^{p} + t^{\frac {p-2}{p}} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \\ &~~ + t^{2H+\frac {p}{2}-2} \int _{0}^{t} u^{\frac {(1-2H)p}{2}} (t-u)^{\frac {(p-2H)p}{2}} e^{-pa(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \\ &~~ + t^{\frac {p}{2}-1} \int _{0}^{t} u^{\frac {(-1+2H)p}{2}} e^{-pa(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \\ &~~ + t^{(H+\gamma )p-1} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \\ &~~ + t^{\frac {p}{2}} \int _{0}^{t} e^{-pa(t-u)} \mathbb {E}\|y(u)-z(u)\|^{p} \, du \Bigg \}.\end {align*}


$\mu > 0$


\begin {equation}\mathbb {E}\|y(t)-z(t)\|^{p} \leq C e^{-(pa - \theta \mu )t} \mathbb {E}\|y_0-z_0\|^{p}. \label {eq:330}\end {equation}


\begin {equation*}\begin {cases} \displaystyle d y(t) + {}_{0}\partial _{t}^{1-\alpha } \mathbb {A}^{s} y(t) \, dt = \mathbf {h}(y(t)) \, dt + \mathbf {g}(y(t)) \, dB^{H}(t), \quad t \in (0, T], \\[5pt] \displaystyle y(0) = y_0 = \sum _{k=1}^{N_x} z_k e^{-0.5k} \phi _k, \quad z_k \sim \mathcal {N}(0,1). \end {cases}\end {equation*}


${}_{0}\partial _{t}^{1-\alpha }$


$\beta = 1-\alpha $


$\mathbb {A} = -\partial _{xx}$


$B^{H}(t)$


$\mathbf {h}=-0.2y-0.05y^3$


$\mathbf {g}=0.2y$


\begin {equation}\label {eq:GL_discrete} {}_{0}\partial _{t}^{1-\alpha } u(t_n) \approx \frac {1}{\Delta t^{\beta }\Gamma (1-\beta )} \sum _{j=0}^{n} \omega _j^{(\beta )} u(t_{n-j}),\end {equation}


$\beta = 1 - \alpha $


$\omega _j^{(\beta )}$


$\omega _0^{(\beta )}=1$


$\omega _j^{(\beta )} = \left (1-\frac {\beta +1}{j}\right )\omega _{j-1}^{(\beta )}$


$R_H(t,s)=\frac {1}{2}(|t|^{2H}+|s|^{2H}-|t-s|^{2H})$


$0.1$


$M=50$


$p = 2$


$y_1^{(m)}(t)$


$y_2^{(m)}(t)$


$m$


\begin {equation*}\bar {e}(t) = \frac {1}{M} \sum _{m=1}^M \big \| y_1^{(m)}(t) - y_2^{(m)}(t) \big \|,\end {equation*}


$L^2$


$\|y\|^2 = \sum _{k=1}^{N_x} |\hat {y}_k|^2$


$s=0.8$


$T=1.0$


$\Delta t = 0.001$


$N_t=1000$


$N_x=16$


$M=50$


$y_0$


$H\in \{{0.2, 0.3, 0.4, 0.6}\}$


$\alpha \in \{0.2, 0.5, 0.4, 0.8\}$


$\bar {e}(t)$


$H$


$\alpha $


$\alpha <2H$


$\log \bar {e}(t)$


$t>0.1$


$-3.174$


$a$


$\theta $


$\mu $


$-(2a - \theta \mu ) = -3.174$


$H \in (0,1)$


$H < \frac {1}{2}$


$p$


$H \in (0,\frac {1}{2})$
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In recent years, fractional calculus has garnered significant attention due to its ability to more accurately model anomalous
diffusion processes characterized by memory effects (non-Markovianity) and spatial non-locality [7]. Consequently, the study of
stochastic fractional partial differential equations (SFPDEs) has emerged, and significant progress has been made in numerical methods
and unified convergence analysis [8-10]. As an important extension of standard Brownian motion, Fractional Brownian motion (fBm)
has become a crucial noise model for its ability to capture the widespread long-range dependence (when H € (%)) or anti-persistence

(when H € (0, l)) in real-world systems [11,12]. Unlike standard Brownian motion, whose increments are independent and whose
sample paths are nowhere differentiable, fBm exhibits correlated increments, and the Holder regularity of its sample paths is directly
governed by the Hurst index H. This provides a more flexible framework for modeling physical processes with memory or rough
characteristics, such as turbulence and financial fluctuations [13]. Therefore, the study of SPDEs forced by fBm has emerged, and
significant progress has been made in numerical methods and unified convergence analysis [8-10].

Regarding stability, existing results are primarily concentrated on two types of models: systems driven by additive fBm, where
stability analysis can rely on mean-square estimates of stochastic convolutions [14], and integer-order equations driven by multi-
plicative standard Bm, where the study of pth moment exponential stability typically depends on It6’s formula, Gronwall inequalities,
and operator semigroup theory [15,16]. However, the stability analysis for spatio-temporal fractional diffusion equations driven by
multiplicative fBm presents significant challenges and remains relatively scarce [17], especially for the Hurst index H € (0, ). Most

existing work focuses on the case H € (%, 1) (e.g., [1,18]), primarily due to two reasons. First, compared to standard Bm, the proper-

ties of fBm and the associated integration theory differ substantially: for H € (%, 1), fBm shows long-range dependence and relatively
“smooth” paths, allowing its stochastic integral to be defined using Young integrals or pathwise Riemann-Stieltjes integrals, for which
analytical tools are more mature [12]. In contrast, for H € (0, %), the process exhibits anti-persistence and extremely irregular sam-
ple paths, rendering classical stochastic integration theories inapplicable and necessitating more complex techniques from Malliavin
calculus or divergence-type integral theory [19,20], which greatly increases the difficulty of analysis. Second, the solution operator
{R4.51)} 50 corresponding to the spatio-temporal fractional equation is no longer a semigroup, losing the favorable properties such as
exponential decay and regularity transmission inherent to semigroups. This prevents the direct application of stability proof methods
established within the classical semigroup framework, requiring the development of entirely new analytical techniques.

This paper aims to address this research gap by investigating the regularity and pth moment exponential stability of solutions to
stochastic spatio-temporal fractional diffusion equations driven by multiplicative fBm with H € (0, 1), particularly the challenging
case H € (0, %). The main contributions are as follows. First, to the best of the authors’ knowledge, this work is among the first to
extend the regularity and stability theory for stochastic equations driven by multiplicative fractional Brownian motion to the setting
of space-time fractional diffusion equations, and it permits the Hurst index to cover the entire interval H € (0, 1). Second, since the
solution operator {%,, ((1)},»o lacks the semigroup property, a key exponential decay estimate is established (Lemma 5) via Laplace
transform, spectral theory and complex analysis. This estimate underpins all subsequent analysis. Third, estimating stochastic integrals
for rough fBm is non-trivial. The Malliavin divergence integral is employed. Meanwhile imposing growth and Lipschitz conditions
on the Malliavin derivative of the coefficient (Assumptions (2.20) and (2.21)) together with a priori convolution estimates and time
regularity of the solution operator, overcomes the covariance singularity. It should be noted that when H < 1/2, inspired by [21],
an attempt has been made to relax the conditions (2.20) and (2.21) to an integrated form, under which existence, uniqueness and
space-time regularity still follow (Remark 2). Fourth, classical Gronwall inequalities are insufficient for the stability proof, due to
the presence of multiple weakly singular convolution terms. To overcome this difficulty, and inspired by the three-term inequality in
[5], a new generalized Gronwall-type inequality (Lemma 6) is constructed, which serves as the core tool for deriving the exponential
decay rate of the stability result.

The structure of this work is outlined as follows. Section 2 recalls the basic concepts, properties, and necessary assumptions
required for the subsequent analysis, including fractional calculus, fBm, divergence integrals, and relevant function spaces. Section 3
gives the definition of the solution and demonstrates its existence and uniqueness. Furthermore, through detailed a priori estimates,
the spatio-temporal regularity properties of the solution are studied. Section 4 constitutes the core of this paper. First, we establish a
new decay lemma for the solution operator (Lemma 5) and a crucial generalized Gronwall inequality (Lemma 6). Subsequently, by
comprehensively applying stochastic analysis techniques and the newly established inequalities, we rigorously prove that the mild
solution of the system is exponentially asymptotically stable with respect to the pth moment. Section 5 is dedicated to validating the
theoretical results through numerical simulation. We design a finite difference scheme to discretize the model and conduct numerical
experiments to visually demonstrate the dynamic behavior of the system’s solution trajectories and their trend toward exponential
stability under different Hurst indices H and fractional parameters a, s. Finally, Section 6, the conclusion and outlook, summarizes
the main findings of this paper.

2. Preliminaries

2.1. Model introduction

This work investigates the asymptotic properties of solutions for a stochastic dynamical system involving a time-fractional deriva-
tive and perturbed by multiplicative fractional Brownian noise. The model under consideration reads

dy(t) + 09" A y(1) di = h(x(1) di + gV () dBY (1), 1€[0,T), 3(0) =y, (2.1)
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with T > 0 being a given constant. Let U = L?(D) with inner product (-, -) . For s € (0, 1), A* denotes the fractional Laplacian, defined
by:

Ay = Z Wiy
k=1

Here A = —A is the Laplace operator with homogeneous Dirichlet boundary conditions, whose eigenvalues {4, }{? | are non-decreasing,

and the corresponding orthonormal eigenfunctions in U are {y;}}? . Introduce the fractional-order space induced by A® :
U® :=dom(A*%),
and its norm || - || ;s is defined as:
. (o]
ol i= 1Al = Y & ¢v.we)?
k=1

For any s > 0, U® equipped with || - ||;;s forms a Banach space.

Definition 1. ([22]) Oa,‘-“ with a € (0,1) denotes the Riemann-Liouville fractional derivative, whose definition can be given as
follows:

a 1 o [ .
09} 0= oo /0 (t — ) y(u) du. (2.2)

2.2. Stochastic calculus theory of fBm

Let (Q,F.,P, {F,},5) be a complete filtered probability space satisfying the usual conditions (right-continuity of the filtration and
F, containing all P-null sets). Let V' be a separable Hilbert spaces with inner product (-,-),, and a corresponding norm || - ||,,. The
collection of bounded linear operators from U to V is denoted by £(U; V). For notational simplicity, let £L(U) = L(U; U). The spaces of
nuclear and Hilbert-Schmidt operators on U are denoted by £,(U) and £,(U), respectively, where £,(U) is equipped with the inner
product

($.T)us = D (S Ty
k=1

The Hilbert-Schmidt norm is written as || - ||ys. Let O be a nonnegative, self-adjoint, trace-class operator (the covariance operator)
with eigenvalues {42, and eigenfunctions U7 Define U, := Q'/2(U). The Banach space Eg is then introduced, consisting of
all Hilbert-Schmidt operators from U, into U, equipped with the inner product

5
(@1 D) = 2<¢1Q1/2‘I/kaq)2Q1/2‘I/k>U-
k=1
One easily verifies the following relation between the two norms:
IITllcg = I70"|lys-

Definition 2. A one-dimensional fractional Brownian motion {f (1)} 50 with Hurst index H € (0, 1) is defined as a centered Gaussian
process satisfying # (0) = 0 and the covariance

EB7 p" )] = (P 4 27— = 5P, sp20 2.3)
When H = 1/2, this reduces to the standard Brownian motion.

Let {ﬂf "}, be a family of independent one-dimensional fBms with common Hurst index H € (0, 1), all adapted to the filtration
{F,};0- The U-valued fBm BH (1) is then constructed via the following series expansion:

B0 =Y Vi w B, 120 (2.4)
k=1

A one-dimensional fBm g (1) = /07 K (1,5) dB(s) can also be represented as a stochastic-integral, and the kernel K, is piecewise
defined as

-1 1 1 3 1
cH1 [(é) 2(t - s)H_f - (H - %)si_H f; uH_f(u - s)H_Edu],

Ky () = He (o %) (2.5)

1

cu [ () wmo . me(30)
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where the positive constants ¢y ; and ¢y, , are given in terms of the beta function B(, -) by
1 1

2
2H HQ2H -1)
l CH2= | T
(1-2H)B(1-2H,H + 3) B(2-2H,H - 3)

CHa =

Now, define the linear operator r}, . from the ordinary function space to L?([0,T7]) as:

. ! 0K 1 (r, u)
(@ M) = Kyt un) + / (n(r) = nw) —5==dr. (2.6)
One can compute the partial derivative of the kernel K (r,u) in r as:
0Ky (rou) F\H-3 2
T—KH(;) (r—u)”"2. 2.7)
When the Hurst index H € <% 1), the operator F’;, . reduces to:
; ! oKy (r,u)
T ) = / ) —5——dr. (2.8)
u

Definition 3. ([12,23,24]) Suppose that

T T
G=g</ hl(r)dBH(r),...,/ h,,(r)dBH(r)>,
0 0

where h; = | and e, is an orthogonal basis in L?([0,T]), i = 1,2, ---. For the random variable G, its Malliavin derivative @SH G is
defined as '

n

T T
ofF=3 % </0 hy(ryd B (), ... /0 hn(r)dB”(s)>h,.(s), s €[0,T].
i=1 9%

To handle the multiplicative noise term in Eq. (2.1), especially for the rough case H € (0, %), the stochastic integral must be defined
within the framework of the Malliavin divergence integral. This subsection presents the requisite definitions, existence theorem, and
a crucial moment estimate, which form the foundation for the subsequent analysis. The full theory can be found in [12,21,27].

A suitable space of stochastic processes for which the divergence integral with respect to B¥ () is well-defined is first introduced.
Let D/’ be defined as D/ =Ty I';, 2.

Definition 4. Denote by [LL’,2 the set of all measurable Eg—valued stochastic processes Y : [0,T] X Q — Li(z) satisfying:

T
1. [E[fo ||Y(u)||igdu] < 05

2. For almost all u € [0,T7], Y (u) belongs to the Malliavin differentiable space |D1.2(£(21)’ and its Malliavin derivative IDSH Y (u) satisfies:

T T
[E[/ / IDHY @)1, dsdu| < co.
o Jo ’ £

For a predictable process Y € [L}f, its divergence integral (or Skorokhod integral) fOT Y (w)d BH (u) with respect to fBm is well-
defined. The following proposition states a key sufficient condition for its existence and provides its second-moment formula, which
is the starting point for a priori estimates.

LetY € [L}L’[2 be a predictable process that additionally satisfies the following cross-expectation integrability condition:

T T
E / / (@Dl @, 0l Y(s)>£0dsdu] < co, (2.9)
o Jo 2
where FL T is the linear operator defined in (2.6) and (2.8). Then the divergence integral exists, belongs to L>(Q; U*), and satisfies:
T
E / Y w)dBY (u)] =0, (2.10)
0
T 2 T T
E ‘/ Y (u)d BY () = [E||Y||12_H +E [/ / <(F’L T)®2|D§HY(u), T, T)®2|D51Y(s)>£odsdu], (2.11)
0 Us o Jo ’ ’ 2

T
where ||Y||12,” =/ ||F’;1YIY(u)||iodt.
2

Remark 1. Eq. (2.11) is the cornerstone for proving the second-moment estimates of the solution (e.g., in Theorem 2). For the
specific integrand Y (r) = %, ((t — u)g(y(w)), this formula leads directly to the estimation structure seen in the proof of Lemma 2.

The following generalized moment estimate is crucial for establishing pth moment regularity and stability; it can be seen as a fractional
counterpart of the Burkholder-Davis-Gundy inequality for standard Brownian motion.

4
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Lemmal. Letp>2andY € [L};2 be a predictable Then one can find a positive constant C, (which depends on T, H, and p) such that

P t % t ot §
< Cp{[E</ ||F’;,Y1Y(u)||iodu> + [E</ / ||Df’Y(u)||iodrdu> (2.12)
Us 0 2 o Jo 2

t
E / Y (uyd BY ()
0

holds for all t € [0,T].

2.3. Properties of the fractional solution operator

Firstly, the fractional solution operator %, () defined as:
(1) 1= o / et + A ae, (2.13)
’ 2xi Jr,

where I'; is a contour to be specified.
LetI'=T, U I, U T; be sets. Let m > 0, < ¢ < x. Define:
I ={eC:{#0, |arg(D)] <6},
I={CeC:[llzm, |arg)] <0},

F3={rei‘9 r>miu{me® ol <p<0}u{re i r>m).

Here i is the imaginary unit belonging to the complex plane C.
The Laplace transform of %, (7) is given by:

Fas©) =+ AN (2.14)
Using the inverse Laplace transform and interpolation properties, we obtain the key regularity estimate:

A %R, ()] < Ct7P%,  where g € [0, 1]. (2.15)

2.4. Assumptions regarding coefficients h and g

Set IDf to denote the Malliavin derivative. Let C > 0 be a constant. The inequalities below hold for all y,z € U* :

IhOllys < C(1+ ¥llys ). 2.16)

IhG) = h(@)lys < Clly = zllys. 2.17)

1A3 80y = IgWllzy < C(1+ ). (2.18)
1A% (g0 ~ 82)l g < Clly = zllys. (2.19)
1D AZg0)l g < C(1+ I¥llps). (2.20)

IDf A% (8) ~ 82) ll g < Clly = - (2.21)

Remark 2. Assumptions (2.20) and (2.21) impose growth and Lipschitz conditions on the Malliavin derivative of the coefficient g.

When H € (0, %), the linear example does not satisfy the assumptions (2.20) and (2.21). Based on [21], we find that one may attempt

to relax conditions (2.20) and (2.21) to integral estimates. Specifically, taking g(y) = Ay with a constant 4, one may use the definition

of the Malliavin derivative to derive fOT ||IDr” a( Y(’))”io ds < C|| y(t)||2H s Building upon this estimate, the following integrated bound
2

involving the fractional operator can be obtained:
T
[ 10t a0l ds < C o 2.22)
0 2
T
/ D} A2 (g(y(0) ~ gzO)I30ds < Clly(®) = 20l (2.23)
0 2
Under this integrated conditions (2.22) and (2.23), the existence, uniqueness (Theorem 1), and space-time regularity (Theorems 2
and 3) of the solution can still be derived. The stability result (Theorem 4) at present still relies on (2.20) and (2.21), which limits
the wide applicability of the results. It is hoped that further investigation can be carried out in the future.
3. Proofs of existence, uniqueness, and regularity

3.1. Mild solution

To start, consider the concept of a mild solution to Eq. (2.1).
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Definition 5. A predictable U*-valued stochastic process {y(t)},c[or is said to be a mild solution to (2.1) if the solution operator
@, , defined by

t t
D, O =Ry Oy + / R o5 — wh(y(w)) du + / R a5 — w)g(y(u)) dB" (u), (3.1)
0 0
is well-defined, and the process y(z) satisfies the fixed-point relation
yon=o, e P-as.,
for almost every ¢ € [0,T].

To analyze the well-posedness of the mild solution, a central task is to control the stochastic convolution term. We therefore define

t
B, = / Ryt —wgyw)dB ), 1€1[0,T]. (3.2)
0

The estimation of %, constitutes a key step in the forthcoming analysis. Throughout the rest of the paper, C > 0 denotes a constant
that may vary from line to line and depends only on the parameters.

Lemma 2. Let p > 2, a < 2H. Suppose (2.16) and (2.20) hold. Then a constant C satisfying the following is obtained:

2H-a

1B Loo:us) 5C<1+ sup ||Y(u)||u(g;w)>t 2
u€l0,T]

Proof. Thanks to [21], combining (2.16) yields:

t
(
(L

070 LP(QR)
, , !
5C<1+ sup ||y(u>||um;w)> ( / T3Pt = )| o du)
u€l0,T] 0 2,5

t t

(LA

1
< C<1 + sup ||J’(u)”LF(Q;Us)>IIZ +1.
uel0.T]

Il r@us) < €

) !
Ty Rt~ u)g(y(u)))(cg du)

LP(QR)

1
2 2
+C D 2, (1 ~ @) drdu>
2.5

H _ 2 %
+C DI R ot~ w)gW)|[ o drdu
2,5

LP(Q:R)

Firstly, according to (2.15) and (2.20), it follows that :
t t
(LA
1
t ot 3
< C< sup Iyl pe.usy + 1) (/ / (t—w)y™dr du>
u€l0,T] o Jo

1

L<c B/ 50|, |)A5%,S<r—u>|\2drdu>§
2,5

LP(QR)

1-4

5c<1+ sup ||J’(u)||u(9;u»‘)>t ?
uel0.T]

2H-a
SC<1+ sup ”y(u)”Lp(Q;US))t 2. (3.3)
u€l0,T]

Now, for H € (0, l), (2.6) yields an estimate for 1;:
t
I,=C / ‘
0
! s 2
< c/ ”KH(t, AT R, (1 — r)H dr
0
oKyw,r |
Ldu” dr

t t
+C /0 / [By st ) = R o(1,7)] =

=J+ J,. (3.4

s 2
T3y A2 Rt = )|y ar
2

Then J, is estimated. According to (2.5), the following estimate is obtained:

t
0
0

H-1 s 2
(1) 2e-n"IA R, (-1 dr

r
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t
* /
0

=Ji+J12 (3.5)

2

1 ! 3 1 s
rr”/ W du AT R, (- dr
r

Assume a < 2H:

t
J1a S/
0

1 2H-1
g/ (5) (t = rPH-o=1 gp < C 2H- (3.6)
0 r

2
H-1 | a
(i) 20— ar
p

About the estimate of J, ,, using the two-step integral substitution u = r/® and r = wt gives:

! 1 a ! 3 1 2
Jis gc/ <rr”(z—r)*i[/ u”*i(u—r)“*idub dr
0 r
t t 5 . 2
SC/ rl_ZH(t—r)_"</ uH_E(u—r)H_idu> dr
0 r
t 1 . 2
sc/ PR _ e /@‘2”(1—9)”‘5(1@ dr
0 r

1

2
1 1 |
sc/ w11 -w)“</ ®2H(1-@)”‘zd®> dw - -
0 w

<cri-e (3.7)
Hence J, < J; | +J,, < Cr?H-e,
Now, using the inequality in [25], an estimate for J, is obtained as follows:

et — 1
u’

'< cler. yemn

Sety = % — H + ¢ with € > 0 arbitrarily small. Gathering (2.13) and (2.15) gives:

' ro H-1 3 :
Jz=/ /AE[‘%a:(t_u)_‘%as(t_r)]CH<E) w=n""2 du|| ar
0 r ’ ’ r
t t [ 1 5 u H-L 3 2
:c/ / — [ [50 — L AT F, (&) de (-) 2w=n""5 dul| dr
0 - _271'1 I, ’ r
t i [ « H-1 3 2
SC/ / L/ e [1 = ) 16137 pag | (%) P =2 du ar
0 - »271'1 I r
t t [ . H-L 3 )
sc/ / zi/ |1 =y tagt [ (2) 7 P @=n""2 dul ar
0 ro |47 I r
t t a 3 2
gc/ </ (= zu—ry 2 du> dr
0 r
4 gl 2
sc/ [(t—r) ‘Tf] dr < cPH-e, (3.8)
0

Therefore, when H € (O, %), the following is obtained:
2H—a

1B pusy < L+ sup [yl Lroius))t 2
uel0,T]

In the case of H € (% 1), (2.6), (2.8), and (2.15) together yield:

t
1:/
0
t 1 s H—l
=/ /Ai(%“(t—r)(z) 2 (w= )t du
0 r ’ r

t t « _1 2
5c/ [/ (t—r)i<5)H 2(u—r)HZdu] dr
0 r r

s 2
T3y A3 Rt = )| ar

2
dr
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t _ t 2
5C/(l—r)"“<1)2H l</ (u—r)”*%du> dr
0 r r

! 2H-1
sc/(t-r)ZH—“—1(1> dr
0 r

< crPi-a (3.9)
That is, when H € (% 1),

2H-a

”*%x”LI’(Q;US)S(l"' sup ||y(u)||L,,(Q;U;>>t 2. (3.10)
u€l0,T]

O
3.2. Existence and uniqueness

Lemma 3. ([5]) Denote by ©" the set of all predictable U*-valued processes {y(t) : t € [0,T]}. For any M € (0, o), the subset
(M) = {1 €O : |yllgr <M}

is a Banach space, where the norm is given by
||Y(1)||@(; = tes[l(lf)ﬂ YOIl Lo@.us) <

with
Ol = (ELOI) 7.

Theorem 1. Assume that y(t) and z(t) are solutions of (2.1), and assumptions of Lemma 2 together with (2.16) hold. Choose a sufficiently
small = > 0 and take t € [0, 7]. Then Eq. (2.1) has a unique global mild solution.

Proof. If y(t) € ©, using(2.16) and Lemma 2:

@, (O

t
‘%a,s(t)y0+/() ‘%a,s(t_r)h(y(r)) dr

9

o5

+ /O Ryt = rg(¥(r) dBH (r)

t
< ”@a,g(t)yo @f: + /0 ‘%a,:(t_ r)h(y(r)) dr @f
1
+ /0 Rt = R()) dBY (1) o
- IGSB%JH‘%“OWO LU
t
+ sup / R st — O0(y(r)) dr
t€[0,T] 0 LP(;US)
t
+ sup / R st —r)g(y(r)) dB" (r)
t€[0.T] 0 LP(Q;US)
1
< s [ oo o) g, o
" ’:B%]H% Lr(Q:U?)

2H-a
2

! a
B e
_c+c/0 (t-r"2dr+c( sup]”y(u) i F1)1

uel0,T
<C < oo (3.11)

Hence, o, : ©® — @/ is a well-defined bounded operator. Let y(t), z(t) € @f are solutions of the equation(2.1), with (2.1), it can be
noted that:

@, 0)0) = @, 2200

o

R o sOyo = Yol
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t
+/0 R st = w) [A((w)) — h(z(w)] du

t
+ /0 Rt =) [2(yw)) — g(zw)]d BY (u)

of

< / t”‘%w(’ - ")H”h(y(u)) — h(z(u))
0

du
ef

t
/0 R 5(t — u)[8(y(w) — g(z(w))]d B (u)

+
CH
t
< . _
_c/o Cdu ”y(t) 20 + 13
<Ct- ” 0 =20, + I (3.12)

Following the argument used in the proof of Lemma 2 leads to an estimate for I5:

1
t 5 3
I;<C sup < / 0% Pt = 080w - gz Hﬁodu)
1€[0,T] 0 2 LVQR)
t ot ) %
+C sup < / / [EREAREEROREFEON| dsdu)
te[0,T] o Jo 2.5 QR

1

! s 2 2

<C sup ||g(J’(l))—g(Z(T))”Lp(Q;US)( / Ty A2 Ryl = )| du)
t€[0,T] 0

+C sup [lg(0) — 8Ol st 2
t€[0,T]

2H-a 1_a
<Ct 2 sup |[y(®) — zO|l sy + Ct 72 sup |[¥(0) — 2Ol Lruus)
te[0,T] t€[0,T]

H-a

2 a
=C(tT7 +172) ) - 20l gp- (3.13)
Consequently, one arrives at

©,, 090 - @, @), < Clr+177 +175) 1) - 20)les.

ef
Choosing a sufficiently small time 7z and letting ¢ € (0, r) such that
2H-a a
Cr+177 +177) <L
Similar to the proof of Theorem 2, it can be shown that sup ||y(®)|l;»q.ys) < C, where C is independent of z. Together with the
)

tel0,7
extension theorem, (2.1) admits a unique globally mild solution.

a

3.3. Spatial regularity
Theorem 2. Let the assumptions of Lemma 2 and (2.16) be fulfilled. Hence, one can find a constant C satisfying
sup ||y(t)||LP(Q;Ux) <C.
te[0,T]

Proof. According to (3.1):

t t
YOl sy = || Fa.sO¥(0) +/o R, — Dh(y(r) dr +/0 Rt = Pg(y(r) d B (r)

LP(Q;U*)

t
SR s QYO Lo @us) + A@a,s(t—r)h(y(r))dr

LP(Q;U%)

t
+ /0 Ryt — () d B (r)

LP(Q;US)
=1L+, +1;. (3.149)

Firstly, using (2.15) to estimate I, yields:

I = | R s YO g
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N Lo O - 130l Lreus)
< C”yO”LF(Q;US)
<C. (3.15)

Next, for I,, applying Holder’s inequality and Jensen’s inequality, combining (2.16) yields :
t
I, < / ”@n,s(t - ")“L»O Ilh(y(r))llu(g;us> dr

1
2
‘AL%“(I—r)” dr] [/ 1+||y(r)||u<gm)2d’]

! a2 3 ' , !
sc[/ ((r—r) z) dr] </ (1+ I as)) d,)
0 0

1

t 2
< C</0 (1+ ||y(r)||Lp(Q;Us))2 d")

1
t t 2
c( / Ldr+ / O, dr)
0 0
1
t 7 t ) 2
< C</ 1dr> +C</ YL p s d’)

0 0

1
t 2
<c+ c( [ 1500 dr) . (3.16)
0

The estimate for I5 can be derived in a manner analogous to the proof of Lemma 2, yielding:

IN

t
Iy = H/O Rt = E(r)d B (r)

LP(QUS)
3
sc'( 30 A% =0 (14 15001 )t ) H
bt ) 7
+c(/0 /0 A7 st - 0| (1+||y(u)||Lp(Q;UJ))2dudr>
‘ 1
<cC F*H,IA%‘%ays(t—u)szu+< A r, AZ,%,“(I—u)H (Ol >2H

+c</ / “Az%s(r u)” dudr+/ / ngzm(r—u)“ ”y(“)”mmw)dudry
sc( ;

Az@as(f—u)H “y(u)”LP(Qm du )E
+c</ “Az%w u)” du- t> +c</ )‘Az@as(z ol ||y(u)llu(guq)du-z>
1

s 2 2
RO ey

T3 AT Rt =) du> + c<

0

[STE

<Ct 2_ +C<

0

1
+c</ “Az%’“(l—u)” 11 0, >2,%, (3.17)

In the case of H € (0, 3 )

e z
13 <Ct 2 </ (t_u) a”y(u)”Lp(Q Us) )

1

! 2
+C(/ Wl =2H (f — 2 H—a= llly(u)“Lp(gur)d >
0

1
4 2
+c< / W (1= 1) @2, g0, ) . (3.18)
0

10
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Gathering the above inequality (3.18) with Cauchy’s inequality yields:
(Ol <c+cC || Ol du+CPM " 4 Ci (r—u) “lly@li;
YO uusy = YN r @) Yoo, 9
perls /0 Wl =2H (g =t ||y(u>||ip(g;,,s) du
e /0 W2 ¢ = 0 IR g,

t 1
<c+c / (= Iy du + / W12 0 0 @I, g, (3.19)
0 0

Since 0 < a <1 and 1 —2H > —a, via the generalized Gronwall inequality in [5] yields the existence of constants y > 0 and
0 € (0,1 — «) such that:

YOIy sy < 2Ce < CP < L.

Hence, the estimate sup,co 1) |¥®)ll p(q.us) < C is obtained.
In the case of H € (% 1), it should be noted that:

H-a

2H-a
YOIl g.ps) SC+C / 1Y@ p sy du + C1 ™2
e / W12 = 2 )2, 0 du
0

t
1-2H —a+2H~-1
<C+ c/o w21 (g yye [ROL " (3.20)

Since 0 <2H —a <land 1-2H > a —2H, it follows that:

sup [lyOll Lruusy < C.

1€[0,T]

In summary, this establishes the space regularity of the solution:

buP ”J’(t)”Lp(g us) < C.

te(0,

a

3.4. Temporal regularity

Theorem 3. Letp>2, a<2H,y € [0, ZHZ_" ), suppose (2.16) and (2.17) hold, y, € LP(Q;U $+21), Then the following estimate holds for

any u € (0, ) with some constant C, such that:
”y(t) - y(”)“LP(Q;U&) < C(l - u)y.

Proof. For any u € (0, 1), using (3.1) to get:

[Zos() — Ry sW]yg

ly® = yWll rus) = ‘
1 u
+ / Ry st = h(y(r))dr — / Ry s(u—rh(y@r)dr
0 0

t u
+ / Ryt — () dBH (r) - / Ry s(u—r)gy(r))dBH (r)
0 0

LIQU)
S NRy s = R ;o ll Lo+

+ ‘/ [‘%a,s(t - r) - ‘%a,s(u - r)]h(Y(r)) dr
0

LP(Q:US)

t
+ /@a,s(l—r)h(y(r))dr

LP(QUS)

+ ‘ / [Pt = 1) = Ry (1 = P)]g(¥(r) dBY (r)
0

LP(Q;U%)

t
+ / R st = NE(r) d BT (r)

LP(Q;US)
=ly+ 11+ L+ 13+ 1, (3.21)

11
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Using the Lemma 2.1 from [26], let y € [0, 1], I, can be estimated as follow:

Iy = IR 4s(1) = R s 1Yol Loy < NAT [ Ry s(1) = R s@INNA yoll o)

<| /uf A G || [30] v, < € /urray—l r

=CH*" —u"") < C(t—w*” < C(t—u),

and on the basis of inequality |e* — 1| < C|¢|"|u|",y € (0,1) and (3.8),
15 [ A3t~ 1= = ] IO
< /Ou(u =070 = w0+ 1yl rquus)dr
<C /Ou(u — )Tt —wdr < C(t — u..

For I,, when H € (0, 1), gathering (2.16) and (2.15) gives:

t
< /
Lr(Q;U%) u

1 o a
sc/ (t-r"2dr<Clt-uw'"z <Ct-uy.
u

'
I, = / Ry st = h(y(r)dr

|42 0 = IR ) 4

Here, -2y —a > —1,i.e., y < 1%“
For 1, it’s easy to get:

t
I = / Rt = Pg(y(r) d B (r)

uel0,T]
2H—-a
<C{t-u)z <C{t—uy.

Now, to estimate /5:

I = /0 (Rt — 1) — Ry — 11g(y(r)) d B (r)

LP(QUS)

= / A [ Ryt = 1) = Ry (= P)Ig(1(r)) d B ()

0
LP(QU%)

(/
5 1
u u s 1
</ / HDf’[@a,S(I—r)—@a,s(u—r)JAig(y(r))‘|£U drdu)
0 0 %
1
(
(

For J,, in the case of H € (0, 1), combining (2.20) and (2.13) to get:

LP(Q:U*)
1

s 2 2
Ty Raslt = 1) = Ry = 1A g (30) | dr)
2

IA

+

LP(;U*)

<A ] raAT e = = = o] 2300 d,) 2
2

+J,
LP(Q;U®)

1
s 2
<c i ARy (1= 1) = Ry (4= r)]” dr) +Jy=CJy + Js.

LP(QR)

1

Jy < </Ou /Ou <HDUHA%g(y(r))”£g” [e%“(t —1) = Ry — r)] ‘l)zdudr>z
1
C<u / [0t = ) = R = 1) szr) ’
0
1

u 1 2 2
I | e =affersliert aci] ar
o II2xi Jp
1
u 2 2
< c</ = wrlers i ac| dr)
0 r

IN

=Nt

IA
aQ

e

12

2H-a
< C( sup Iyl pe.us) + 1>(t —u) 2
LAQ:US)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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< C</u [w—r7@- u)y]zdr>
0

1
< c(/ w=-r% dr) ’ =l <Ct—uy, (3.27)
0

1=

where -2y > —1,i.e,y < %

For the estimate of J;, when H € (0 L ),

=
u
< H/
0

’ 5 2
sc/o K A3 [0 = ) = R =) ar

u
/
0

Ty A2 [t = 1) = Ry = 1) ”dr

LP(QR)

/ “ad { [B st = 1) = R (= 0)]

2
Ky (v,
= [Bas = 1) = R s(u = 1) }Mdu‘ dr
’ ’ ou
=C(Ji1+J12). (3.28)
For J; ;, according to (2.5):
u ol . 2
J”s/ (5) Pu=n"TIAT [ Ry 6= 1) = Ry —p)||| dr
. o I\F X X
u 1 u 3 1 2
+ c/ Pt </ I CR) du>/-\§ [Pyt = 1) = Ry w—1)]| dr
0 r
<Jiii+Jdi (3.29)

Next, J; ;; is estimated by applying the same technique used to derive (3.8), leading to:

L RRIES /u [(u TR u)y]zdr
0

u
< / (= r)*=2=0 = g (1 — ) < C(—w)¥, (3.30)
0
where 2H -2y —a—1>—1,ie., 7 < 2H2—a’ H > %.
To estimate J | ,, use the transformation v = é

u u w 2
J,,ms/ [r‘””% (/ vH_%(U—r)H_%du>(t—u)7(u—r)_y_5] dr
0 r
u 1 a u 3 1 2
5/ [r_H+7(u—r)_y_5 (/ o -rf2 dv)] dr(t —u)™
0 r

u [ ru 2
s/ pr2HAL Gyl / o"=3 0= =1 dv| dr(t —u?
0 L/ r
u [ 1 1 12
s/ P2 = e / A=) do| dr@-w?
0 /% i
92

u A
s/ Ry — pyRrme / E2 (-0 de| dr (- w¥
0

1/0

<C@t-uw?. (3.31)

where -2y —a > —1,i.e., y < 1-a Hence, J; | < J; 1+ Jp 10 < CU—w?.
Applying (2.13) and following a similar argument as in (3.8) yield:

Jia

=/0"

/ ‘At {[Fraslt = 0) = Ry = 0)] = [ Ryt = 1) = R = 1] |

2

H-1 3
. (5) 2w-rH"3 do| dr

r

13
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r

- (E)H_%(v — i3 qu zdr

r

: (E)H_%(u _nf3au 2dr

/
S/OM

u
/ [ﬁ /|e¢<r—u) _ 1‘ ‘1 _ f-n
r r

2
H—l 3
- (9) 2(w=rH"3 av| ar.
p

Using inequality |e — 1| < C|¢|"|ul”.y € (0, 1):
J12

< /l (/u([_u)n(v — ) [L /|eC(u*U)
0 r 27i Jr

" 1
L g—w) _ _ L= L0 55 ¢ v\H-3 g3
/, [275i/r(e (1-e Je AZR()dE <r) w—-r)""2dv
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/ ﬁ F( [0 — fm)] _ [0 _ gfun] ) AT dg]
,

[ |25 fen g - o
» | 2#i Jp

2
dr

)

a2 20| |dc|]

2
a H-1 3
gtz |d§|] (£) fw-n" du) dr
r

2
u u 3 a H-1
SC/ </ (t—u)yl(u—r)72+H_5(u—U)_y‘_”_f(£> : du) dr
0 r r
2
u u 3 P
sc/ </ W=y 3= py s du) dr (t — )™
0 r

<C@-uw™. (3.32)
There is no loss of generality in setting y, = % — H + ¢,where
y2+H—%>0, y2>%—H,
l=y=1n-5>0, ie, 71<1—}’2—%<%+H—%,
2 +2H -1—a>—1. y1<2HTw.
Therefore,
J2<I Hda<Ca-w, gy < ZHT_“ (3.33)

In the case of H € (% 1), combining (2.6) and (2.8) gives:

2 u
-/
0
u
J
u
-
u
cc
0
u
ccf
0

r

/ L
r | 2mi
u
/ / |ec(t—u> - 1| ‘eau—r)
r r
u
/ /(, —uy ‘eé(u—r)
r r

vy v\H-3 H-3
/rAz[%a’s(t—r)—@a’s(u—r)w;) (w-r""2dv
_1
/[eat—o — £ AT Q) dg“] (E)H 2-nH-3dp
r r
s — H-1
a2 g0 |dc|] (4) Pw-n"Fav

_1
s |d§|] ()" Fw-n"ia
r

18 (0= 1) = G = ) far

2
dr

2
dr

2
dr

2
dr

W/ ru . _1 2
sc/ (/ (z—u)V(u—r)*’*i(E)H Z(U—r)HgdU> dr
0 r r

14



S. Yin et al. Communications in Nonlinear Science and Numerical Simulation 163 (2026) 110724

u _ u 2
sc/ -2 (4) 1(/ (u—r)”*%du> dr (t - up”
0 r r
<cC /u(u _ a2 (E )ZH_ldr (t - uw?
0 r

< C(F(Z—ZH)F(ZH—Zy—a)
TQ2-2y—a)

2
> (t— w2 < C (1 -y, (3.34)
In order to make (3.34) meaningful, H, « and y should be satisfied the following conditions:

-2y —a+2H >0,
2H — «a

2—-2H >0, ie, y< >

2H -2y —a >0,

Taking (3.21)—(3.25) and (3.33)-(3.34) together, for H € (0, 1), it follows that:
I2<Ct—-w?.

Hence,

2H—a>

[ly®) =yl rquus) < Ct —wy, Vy € [O, 5

O
4. Exponentially asymptotic stability in the pth mean

Firstly, define I'p, ', [y . as follow:
Fy={(e€C:0#0, |argl| <6},
Ly ={C€C:|{I>xk, |argl| <0},
Ty = {oe*’ 102 k) U (ke : |9 <0,
where 7/2 < 0 < z, k > 0.
Lemma 4. ([10]) AS satisfies the conditions stated in [10]. Then, the following is obtained:
e+ 257

Next, the exponential decay estimate for the space-time fractional solution operator %, ; follows.

< —a

o <Cielre, forall s € (0,1).

Lemma 5. Assume that the assumptions of Lemma 4 hold. Then there exists a constant C such that
1R sON < Me™ .

Proof. A contour I is constructed such that Re{ is negative and bounded; consequently, the boundary of T, is shifted to the left.
Let

ri:¢= —a+re19,
r,: ¢= —a+re”,
;: ¢= —a+Re'¢,

where r > R, and ¢ runs from 6 to x, then to —r, and finally to —6. Here R > 0 is taken sufficiently large, and we choose a > 0 with
a < 4)/"sin(a(z - 0)).

Thus a is small enough so that after the translation the new contour I'y lies inside I'y, and satisfies Re(—a + Re'?) < 0.

Estimate of %, (1) along the contour T':

1 - -
I 0,50l 2 12 < 2—/ eI + A2 g2 1dC ]
T Iy
1 _ - 1 i _ -
<ok [ e ag = o [ e e gt g g
7 Jr, 27 Jr,

s/ R e g |dc|=/ SR e, 4.1)
Ty

Ty
where |¢"™¢| = |cos(tIm¢) + isin(/Im¢)| = 1. On Ty and Ty, £ = —a+ re?. Then Re{ = —a + rcos . Since 6 € <§,7r), we note that

cos@ < 0. Thus Re{ = —a — rcy, i.e., RS = ¢~ . ¢!,

15
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For |¢|, when a is small and r is large, we have |{| ~ r. Also, |d{| = dr. Thus, the integral I, along I'; can be estimated as:

— tRe -1
I.—/e 17t g

Iy

~/ e—ate—tr|cosé‘\r—l dr
Iy

<2/ e—ate—trlcosﬂlr—l dr
I

<Ce—at/ e—rr\c059|r—1 dr

Iy

o)
- Ce—at/ etrcoer—I dr.
R

+acos §

Take u = —trcos 9. Then r = —L, dr = — du .
tcos 6 tcosf

o]
- _utcosf 1
I, =ce™ et —— . du
—tRcosf u tcos@

) e
=ce™ / —du
—tRcos® U

<ce .

(4.2)

4.3)

On I',, a parallel analysis for I, leads to the analogous bound I, < ce™.

OnTs, ¢ =—a+ Re'®, ¢ € [0, 7] U [~7,—0].

Re{ =—-a+ Rcos¢p < —a+ RcosH.

Observe that R—a < || < a+ R, and |d¢| = |Re'd¢| = Rd .

— 2 —
13=/ |1t e + a0
I3
S/ e—at+thos¢|§|a—l”C”—aRd(ﬁ
I3
</e—at+thos¢. 1 -Rd¢
“Je R—a

Sce—at/ethos¢d¢
¢

-0
:Ce—at</”ethos¢d¢+/ ethos¢d¢)
0 -

=Ce™™J, + J,.

On [9’”], etRcosd) < etRcosB’ hence

Jy = /” echos¢d¢ < /” eRTcosBd¢ =z - g)ethose <cC.
0 0

Similarly, on [z, —6], e'Re¢ < ¢Reos0 5o J, < C.
Therefore,

I <Ce™™(J; + J,) < Me ™.
So,
1R, sl < Me™™.
O

Now a new generalized Gronwall inequality is established.

4.4

(4.5)

(4.6)

4.7)

Lemma 6. Suppose q,6,,m,c,a,y,EDb, ¢, d, e> 0, and let r : [0,T] - R* be nondecreasing and bounded, y(r) be nonnegative and bounded

on [0, T). If the following inequality holds:

t 13
y(t) < r(t) + bt / w8t — w)Py) du + et / uO(t — u)"*y(u) du
0 0

' '
+dr* / u " y(u) du + et" / y(u)du,
0 0
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then it can conclude that exists a positive constant u such that
(1) < 2604 r(1), (4.8)
wheret € [0,T). Here, (0 < 0 <min{l,1+0,1—y,1 —a,1-46}), suchthata+0 <1and 6 +6 < 1.

Proof. Invoking Holder’s inequality:

' 1-6
y(t) < r(t) + bt? </ I_ﬁ(t — u)% du) (/ ye(u) du)
0
t o, . 1-0 . 0
+ct" (/ 110 (t —u) 1-0 du) (/ yﬂu)du)
0 0
ro, 1-0 [ 0 [
+dtf</ T8 du> </ Y8 (u) du) +et1’9+’7</ y5(u)du>
0 0 0

1-6

1-6+5
T ) ( )
<r)+ 3 b (a¥1=0+p=5

[4

4

r(a+1 9) ( a)
1-0 -0 e —a+1-0+m
1—0 1-0 r 0
+d<—> f1m0-r+8 oyl =040 (/ yﬁ(u)du) ,
1-0—y o

where I'(+) is the Gamma function. Since a + 0 < 1, 8 + § < 1, then
1 1,/ 1 1 !
yo(r) <20 r"(t)+C9(t)/ yodu |,
0

where

C()=b NSNS tq+1—9+ﬂ—5

1-60 1-6-a
r(55)r(55)
1-0 1-6 to'faJrl —0+m

Let D(r) = y# (1), E(t) = 2739 (1), and
h() =25-C7 (1),
Then
D(t) < E(®) + h(t) /0 t D(u) du.

Note that h(¢) defines a measurable map from [0, 7] to R* satisfying

T
hy :=/ h(r) dt < .
0

Thus, using the generalized Gronwall inequality from [5], there exists a constant 4 > 0 for which
D(1) <2 E(r), t€[0,T].
O

With the help of Lemma 6, the exponential asymptotic stability of (2.1) in the pth mean is demonstrated. First, an estimate for %,
is given.

17
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Lemma 7. Under the hypotheses of Lemma 5, in the case of H € ( % 1), it holds that:
1
Ell%B, 11 < c{rz”—1 / uHH @ — )~ 2O ()2, du
0 2
t t
+/ / e—Za(t—r)|E|||D£1g(y(r))||io dudr}.
o Jo 2.5
In the case of H € (0, 1), the following is obtained:

1
Ell%,|I* < C{r*2H / P17 @ — e D g ()2, dr
0 2

t t
+ / rm R DR g ()2, dr + / (1 = 1 2O DEg(y(r)| 12, dr
0 2 0 2

t t
+ / / e HDEID g%, dudr).
o Jo Lo
Proof. By Lemma 1, it can be seen that:

t t t
ENBIE < E [ 1Ty, st g0y ar +E [ [ 10850~ PRGN, dudr
0 2 0 Jo 2,5

t t t
<E / T R = DI Ellgy)I2, dr + / / %0 st = DIPEID, g0)I2, dudr
0 2 0 Jo

2,5

1 1
<I+cC / / e 240=DE | DH g(y(r))llio dudr, (4.9)
0 Jo 2,5

where I = [{IIT, R, (= DIPEIGOOI, dr.
2

In the case of H € (%, 1), using (2.6) and (2.8), it holds that:

t
I= / 1T st = DIPENGYO)IZ, dr
0 2
t t
I
' ' —a(t-r) (U H-3 H-3 ’ 2
SC/O /re (£)" T@=n""2dw ) Bl dr
! 2H-1 t s 2
sc/o (g) e—la(t—r)</ w—rt-3 du) [E||g(y(r))||ig dr

t 2H-1
<c / () e = PPN, dr
0 o

r

(§>H_%(u T3, - 1)

2
du) EllgyI, dr
2

t
< cPi-! / P12 — Pl e 2 DE g ()17, dr. (4.10)
0 2
Then

1
Ell@,llZSC{ﬂ”‘l / P @ = T 2D g (y(r) 17, dr
0 2

t t
+/ / e 2DEDH g(y(rm)12, dudr}. (4.11)
o Jo Ly

In the case of H € (0, 1), according to (2.6), the following result is derived:
t
I= [ 15,00 = DPEIOOIE, dr
0 2
t
< [ 1Ky (12,0~ DIPEIRGODIE, dr
0 2
t
“)
0

=1+ 1, (4.12)

Firstly, I, is estimated and divided into two parts according to (2.5):

0R (v, 1)
Jdv

t 2
/ [‘%a,s(t_ U)_‘%a,s(t_r)] dv IE”g(Y(r))”io dr
r 2

I,
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t
),
0
! ! 3 1 2
+C /0 pi=2 < / u”*zw—r)”*fdu%a,s(t—r)) Ellg()I3, dr
r 2

=Jy+J.

~tem 2
(£) 2 =020 - )| ElGOIR, dr
2

r

With Lemma 6, J; | and J, , are estimated as follows:

4 —142H
nase [ () am e ORI, dr,
’ 0 N\ Ly
" oH " im “lim : 2
Jia gc/ plm2H g=2alt=r) / v 2w =T do ) Ellghr)Il, dr.
0 r 2

3 1 2
Let I(v) = (fr' o3 (v— r)H’E du) , making the substitution v = rf yields
I(v) < CHH—2,
Thus, we obtain

t
ha<C [ PHE RO I dr
0

2

Hence,

Il,l

t
o e e T
0 2

t
N / PH 2D g, dr).
0 £2

Through the inequality

t
11,2=/
0
t
-/
t
-/
t t
e (f [
0 r JIy
t t v iy 3 2
SC/ /e“"r'lcfl“”IdCI(—) P w=m"2 ao ) Elg)l?, dr
0 0 r L,
t "o _Llim 3 2
e [femn( [(E) T wmnE e ao ) Elgoet, dr
0 r r £2

t ! 3 :
c/ e—2a<r—r></ (U_r)-f””du) Ellg(r)I%, dr
0 r :

t
<C [ RN IR B
0

2

eC:; ! ‘ < C|¢)?, v €10, 1], and employing the same estimation method as for (3.8) results in:

oKy (v, r)

' 2
2
/, [Pt = 0) = Tt = ]| = | BN dr

2

' _1
o5 o

Ellgy I, dr
2

2
Ellg ()%, dr

2

1

i - -MN G v\“3tH _3
/, 2_7”'/ro [e6=0) — gt )}g;ga’s(g)dg(_) i g,

~

~lim ?
SL£0-0) _ 1‘|§|_1 |d§|(§) : (v—r)_%+H dv) [E||g(Y("))||io dr
2

IN

IA

Here,H—%+y>—1,i.e.,y> %—H.
Therefore,

t
e e e e PG
0 2
t
+ [ g, dr
0 £

t
+ [ =P R g, ar)
0 2
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Theorem 4. Let p >2, y(t) and z(t) be two mild solutions of (2.1) corresponding to initial values y, and z, respectively. Assuming the
hypotheses of Lemmas 5-6 and condition (2.17), (2.19), (2.21) hold, then for every t > 0, one can find a constant yu such that

Elly(t) — z()||P < Ce™ PO E|| yy — 2|7,

where y < %.

Proof. When p = 2: Let y and z be two solutions of the (2.1), therefore:
t t
W) =Ry Oy + / R st —wh(yw) du + / R st — wg(yw) d B ),
0 0

t t
2(1) = Ry 5(Dz9 + / R q,s(t —wh(z(w)) du + / R ot — )g(z() d B (u).
0 0

In the case of H € (%, 1), an estimate shows that:

Elly(®) — z0O|* < C{ez‘"[EHYO -zl

t
+ / e HOTIE | y(w) — 2w du
0

1
+ t2H—l / ul—ZH = u)ZH—le—Za(t—u)[E”y(u) _ z(u)||2 du

0
t t
+/ / e 2OE || y(u) — zw)||* dr du
o Jo
< C{e_zat[EHY() - z1?

t
+ / POE | () — 2| du
0

1
+ t2H—l / ul*ZH(t _ u)ZH—le—Za(t—u)[E”y(u) _ Z(M)||2 du
0

1
+1t / e 29WE|| () — z(w)||? du}. (4.16)
0
Therefore, gathering Lemma 6 and (4.16), one obtains:

Elly®) - z0)|I?

2 0Out
< —_
=y < 2E|lyy — zoll7e™".

Then
Elly(®) — z(0)lI* < Ce @20 E]|yy — z0]%.

4.17)
When H € (0, %), there holds:

Elly(®) — z0|* < C{e‘z‘"EllyO -zl

1
+ / 2D ) — 2(u)| du
0
1
n t—1+2H/ W12 (¢ — 2 H1 =200 || y(a0) — 2()|2 de
0

t
+ [t gy - P du
0

t
+ / (t — u)?H+2r=1=200-WE || y(u) — z(w)||? du}. (4.18)
0

Therefore, by Lemma 6 and (4.18), the following is obtained:
Elly®) — 20|

2 Out
< -
=y < 2E|lyg — zpll“e”™.

Then

Elly(®) — z(0)lI* < Ce @20 E]|yy — zo]%. (4.19)
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Now consider the case p > 2: By Holder inequality, it’s easy to prove that:

Ell R 0¥IIP < e P E|IyI”, (4.20)

and

P

t
[EH/ R,s(t —wh(yw) du
0

P
t 2
< < / e-2”<'-“)tE||h<y<u>>||2du)
0
p=2

t o, 5
< (/ e PUTOE I(y)|1P du) : </ 12 du) i
0 0

—2 t
<17 / e PA=OE | (y(w))||” du. (4.21)
0

When H € (%,1):

P
4 2
Ell8 |17 < c{[E< /0 T P51 = g @)II13, du)

2

o :
vi( [ [ 108, oo, duar) }
0 Jo 2,5

P
! 2
< c{ <z2H-‘ / Wl =2 (1 — w1200 | g(w)) |1, du)
0

2

P
t ot 2
+</ / e—2a(t—u)[E||[D:’g(y(r))||io drdu> }SC(II+12).
0 0 2.8

By the Holder inequality:

t o p 2 I p(-2H+1) (2H-1)
I‘StﬂH(/ e d") </ W - e*p"“*”[Ellg(y(u»ll’;o”’”)
0 0 2

t
P p(=2H+1) pRH-1)
= PH+372 / u o2 (t-u 2z e_””(’_“)[E||g(y(u))||20 du,
0 2

t t
<! / / e_‘"’('_“)[E|||ng(y(r))||io drdu. (4.22)
0 Jo 2,5

Therefore,

p_ T p(=2H+1) pRH-1)
En@,npsc{zz’“z ? / w2 (-wz e PCOEg)), du
0 2

t t
+1270 / / PR D g, drdu}. (4.23)
0 Jo 2.5

By (4.20), (4.21), (4.23):

-2+ !
Elly®) — z®|I” < 3”1M‘”{€‘”“’[E|Iyo —zllP+172 : / e PUE|| y(w) — z(w)||? du
0

b a-2my eH-p
+ AT 2/ u 2 (t—u) 2 e PUTIE|yw) — zw)lIP du
0

t
+12 / e_"”(’_”)[E”y(u)—z(u)llpdu}. (4.24)
0

Hence, from Lemma 6, we obtain the existence of a positive constant y with the property that
Elly (@) = 2017 < Ce™ =M E|lyy — zI7. (4.25)
When H € (0, l), it holds:

Ell %, 117

t t t %
sc{m( 05 st wenyan) ([ [ 101 e 02, auar) }
2 2.5

t
< c{ <r2H-1 / Wl 72 (¢ — P11 e 200 | g ()|, du
0 2

(SIS
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P
! 2
v [ gy + (=T gl i )

0

g
+ / HIE D eI, dudr) }
0 2s

C{ <12H 1 Wl =2 u)ZH—Ie—2a(t—u)|E”g(y(u))”iodu>
2

+< / PO gy du)
0

P
1 2
+</ (t— u)2H+2yfle—Za(tfu)[E||g(y(u))||iodu> + J4} =L+ I3+
0 2

s

By Holder inequality and (4.22),

I, < PHE2 (/Ot e e_’"’(’_“)[E||g(y(u))||‘;0du>, (4.26)
2
Iy <5 /0 ’ W20 PR g ) (4.27)
2
J3 < /0 - u)““”ﬂ*le*”““*")tE||g(y(u>>||';gdu. (4.28)
Jy <! /0 t /0 epati= ">[E||Dﬂg(y(r))||" drdu. (4.29)
2:

Therefore, by (4.20), (4.21) and (4.26)—(4.29),

=2 !
Elly® - z®lI” < 3P_IMP{€_paZ[E||yo —zollP 1 r / e PO ||l y@w) — z@)||P du
0

1
p_ (1=2H)p (p=2HY
+ 213 2/ u 2 (t—u) 2z e PUTOE||yu) — zw)||” du
0

» (- 1+ H)p
4 i / u PUDE|| () — 2(w)||? du
0

t
w1t [ om0 s
0

t
17 / eW(’")[E||y(u)-z(u)||wu}.
0

Therefore, it follows from Lemma 6, there exists a constant x4 > 0 such that
Elly(0) — 27 < Ce™ =0 E |y, — zo]I7. (4.30)
O

5. Numerical experiment

This section presents a numerical experiment based on the stochastic space-time fractional diffusion Eq. (2.1) driven by multi-
plicative fractional Brownian motion. The experiment is designed to verify the stability analysis by examining the exponential decay
of the difference between two solutions with perturbed initial conditions. Consider the following example:

dy(t) + 9, *A*y(1) dt = h(y()) d1 + g(y() d BY (1), 1€ (0,T],

N.

X

W0y =yo =Y ze "y, zp ~ N, D).

k=1

Here, the fractional derivative of Riemann-Liouville is denoted by ,0!~%, and let # = 1 — a. The operator A = —d,, has Dirichlet
boundary conditions, and B (¢) is a one-dimensional fBm. The functions h = —0.2y — 0.05y> and g = 0.2y meet the assumptions listed
in Subsections (2.16)-(2.21).

The numerical simulation employs a semi-implicit scheme with enhanced physical fidelity. The Riemann-Liouville fractional
derivative is discretized using the Griinwald-Letnikov (GL) formula:

n
1-a ~ 1 ®
0017 u(t,) ~ ST ;wj u(t,_;), (5.1)
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Fig. 1. Solution behaviors for different Hurst parameters H € {0.2,0.3,0.4,0.6} and corresponding « € {0.2,0.5,0.4,0.8}.
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where f = 1 — a and the weights wﬁ.ﬂ ) are computed via the recurrence wf)ﬂ ) =1, wﬁ.ﬂ ) = (1 - @ )coiﬂ_)l The fBm increments are gener-

ated by exact covariance matrix factorization (Cholesky decomposition of the kernel Ry (t, s) = %(ltl”’ + |s]?H — |t — s|*)), ensuring
the correct correlation structure.

Two sets of initial spectral coefficients are constructed. The first set consists of standard random coefficients, while the second set
is obtained by adding a small perturbation of amplitude 0.1 to the first one, so that the two initial conditions have a non-zero but
small difference. For each initial condition, M = 50 independent Monte Carlo trajectories are computed using the same fixed noise
path. To verify the exponential asymptotic stability stated in Theorem 4, we set p = 2. Let y(l'">(t) and y(z'")(t) denote the solutions from
the two initial data in the mth sample, and define the sample-averaged error

B

o= 3 o -5l
m=1

where the L? -norm is approximated by its discrete analogue ||y||> = ZkN:I EAES
Spatial order s = 0.8, final time T = 1.0, time step Ar = 0.001 (N, = 1000), spatial modes N, = 16, and M = 50 Monte Carlo samples.
Each sample uses an independent random initial condition y, with exponentially decaying spectral coefficients.

Fig. 1 displays the evolution of &(f) on a semi-logarithmic scale for several combinations of H and « (all satisfying « < 2H). After
a short initial transient, log &(7) exhibits a clear linear decrease in all cases, indicating an exponential decay of the solution difference.
The decay rates obtained by linear fitting for ¢ > 0.1 are consistent in magnitude with the theoretical prediction. Taking subfigure (d)
in Fig. 1 as an example, the fitted decay rate is approximately —3.174, which indicates that there exist parameters a, 6, and x such
that —(2a — Ou) = —3.174, in agreement with the theoretical exponential decay rate. This exponential decay behavior is in qualitative
agreement with Theorem 4 and provides numerical support for the theoretical result.

6. Conclusion

This paper has provided a thorough investigation of a stochastic space-time fractional diffusion equation excited by multiplicative
fractional Brownian motion. The key findings fall into three main categories. First, the well-posedness of the problem is demonstrated.
Specifically, existence and uniqueness of a mild solution are proved under standard Lipschitz and linear growth conditions on the
coefficients. A critical ingredient is the development of precise estimates for the stochastic convolution term involving fractional
noise, which hold for the entire Hurst index range H € (0, 1), including the difficult rough case H < % Second, a detailed regularity
analysis of the solution is carried out, yielding both spatial and temporal regularity estimates. These estimates serve as the basis
for the subsequent stability study. The central theoretical achievement is the establishment of exponential asymptotic stability of the
solution in the pth moment. The main difficulties stem from the absence of a semigroup property for the solution operator and the low
regularity of the noise when H € (0, 1). These obstacles are successfully addressed by establishing a novel exponential decay estimate
for the fractional solution operator and a tailored generalized Gronwall-type inequality. Combined with stochastic calculus techniques,
these analytical tools demonstrate the system’s robustness to stochastic perturbations in the long-time sense. The theoretical findings
were corroborated by numerical experiments, which illustrated the solution dynamics and their convergence to stability under various
parameter settings. Future work may focus on extending these results to models with more general nonlinearities, delays, or driven
by other types of noise such as Lévy processes.
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